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Wklv sdshu sursrvhv d qhz vhplsdudphwulf hvwlpdwru wr ghwhuplqh wkh rswlpdo surjudpph
iru dq lqglylgxdo/ zkr idfhv wkh ghflvlrq sureohp wr fkrrvh h{dfwo| rqh rxw ri d ydulhw|
ri dydlodeoh surjudpphv1 Lq d uvw vwhs k|srwkhwlfdo rxwfrphv duh suhglfwhg iru wklv lqgl0
ylgxdo rq wkh edvlv ri uhdolvhg rxwfrphv ri sdvw surjudpph sduwlflsdqwv1 Zkloh qrqsdud0
phwulf hvwlpdwlrq ri dyhudjh srwhqwldo rxwfrphv iru ydulrxv vxesrsxodwlrqv lv vwdqgdug lq
wkh hydoxdwlrq olwhudwxuh/ hvwlpdwlqj lqglylgxdo srwhqwldo rxwfrphv frqglwlrqdo rq d kljk0
glphqvlrqdo h{sodqdwru| yhfwru xvxdoo| uhtxluhv d sdudphwulf vshflfdwlrq1 Wkh sursrvhg
hvwlpdwru frpelqhv d sdudphwulf vshflfdwlrq ri wkh frqglwlrqdo rxwfrphv zlwk qrqsdud0
phwulfdoo| hvwlpdwhg dyhudjh rxwfrphv zlwklq wkh JPP iudphzrun1 Wklv doorzv wr whvw
zkhwkhu wkh prgho lv fruuhfwo| vshflhg dqg vkdoo lpsuryh hvwlpdwlrq zkhq plvvshflhg1
Lq d vhfrqg vwhs wkh surjudpph dwwdlqlqj kljkhvw xwlolw| lv ghwhuplqhg1 Ilqdoo| wkh hvwl0
pdwru lv dssolhg wr Vzhglvk uhkdelolwdwlrq surjudpphv1
Nh|zrugv= Wdujhwlqj surjudpphv/ surolqj/ surjudpph hydoxdwlrq/ pdwfklqj/ wuhdwphqw
hhfw/ frqglwlrqdo lqghshqghqfh dvvxpswlrq
MHO fodvvlfdwlrq= F77/ F47/ M93/ M57
L dp judwhixo wr Er Krqruì/ Iudqfrlv Odlvqh|/ Plfkdho Ohfkqhu/ Fkulvwri Oxfkvlqjhu/ Uxwk Pltxho/ dqg Mh
Vplwk iru ydoxdeoh glvfxvvlrqv/ frpphqwv/ dqg vxjjhvwlrqv1 Ixuwkhupruh/ L wkdqn Mrdfklp Lqnpdqq dqg
Ydvvlolv Kdmlydvvlolrx iru surylglqj ph zlwk Jdxvv frgh wr yhuli| ri p| rzq urxwlqhv ri wkh JKN vlpxodwru14 Lqwurgxfwlrq
Wklv sdshu ghdov zlwk surjudpph vhohfwlrq ru wuhdwphqw fkrlfh4/ zkhuh lqglylgxdo rswlpdo0surjudpph
uhfrpphqgdwlrqv duh ghulyhg rq edvlv ri revhuyhg rxwfrphv ri sdvw sduwlflsdqwv/ zklfk duh frqwdp0
lqdwhg zlwk vhohfwlrq eldv gxh wr qrq0udqgrp surjudpph vhohfwlrq1 Frqvlghu wkh vlwxdwlrq zkhuh
dq lqglylgxdo kdv wr sduwlflsdwh lq h{dfwo| rqh ri U pxwxdoo| h{foxvlyh dqg h{kdxvwlyh surjudpphv/
zklfk xvxdoo| lqfoxgh d *qr0surjudpph* dowhuqdwlyh1 Hlwkhu wkh lqglylgxdo khuvhoi fkrrvhv wkh
surjudpph ru lv dvvljqhg wr d fhuwdlq surjudpph e| dqrwkhu lqglylgxdo ru lqvwlwxwlrq1 Lq dq|
fdvh wkh ghflvlrq pdnhu zdqwv wr vhohfw wkdw surjudpph zklfk pd{lpl}hv diwhu0wuhdwphqw xwlolw|15
Wr fkrrvh wkh prvw dghtxdwh surjudpph kh qhhgv wr suhglfw h{ dqwh iru doo U surjudpphv wkh
k|srwkhwlfdo rxwfrphv/ zklfk vkh zrxog dftxluh zrxog vkh sduwlflsdwh lq wklv uhvshfwlyh surjudpph1
D qdwxudo zd| wr suhglfw wkhvh k|srwkhwlfdo rxwfrphv zrxog eh edvhg rq wkh uhdolvhg rxwfrphv ri
iruphu surjudpph sduwlflsdqwv1 Krzhyhu/ lq wkh devhqfh ri h{shulphqwdo gdwd/ lw pxvw eh wdnhq lqwr
dffrxqw wkdw lqglylgxdov duh xvxdoo| qrw udqgrpo| vhohfwhg lqwr wkh surjudpphv1
Wdujhwhg surjudpph dvvljqphqw kdv uhfhlyhg frqvlghudeoh dwwhqwlrq lq uhfhqw |hduv iru lqvwdqfh
zlwk uhvshfw wr dfwlyh oderxu pdunhw srolflhv1 Lq vrph frxqwulhv/ h1j1 Dxvwudold/ Fdqdgd/ Qhwkhuodqgv/
XVD/ vwdwlvwlfdo prghov duh xvhg wr dvvljq xqhpsor|hg shuvrqv wr surjudpphv olnh mre vhdufk dvvlv0
wdqfh/ wudlqlqj/ dqg hpsor|phqw surjudpphv1 Lq prvw fdvhv wkhvh prghov lqwhqg wr suhglfw wkh sure0
delolw| ri ehfrplqj orqj0whup xqhpsor|hg rq edvlv ri lqglylgxdo dqg uhjlrqdo fkdudfwhulvwlfv dqg do0
orfdwh wkh lqglylgxdov zlwk kljkhvw orqj0whup xqhpsor|phqw ulvn wr wkh prvw lqwhqvlyh surjudpphv61
Lpsolflw lv wkh dvvxpswlrq wkdw wkh orqj0whup xqhpsor|hg ru wkrvh olnho| jrlqj wr ehfrph duh wkrvh
zkr jdlq prvw iurp sduwlflsdwlrq lq pruh lqwhqvlyh surjudpphv17 Krzhyhu/ wkhvh prghov duh riwhq
udwkhu dg0krf dqg xvxdoo| uho| rq sdudphwulf vshflfdwlrqv dqg ihz h{sodqdwru| yduldeohv1 Ehujhu/
Eodfn/ dqg Vplwk +5333, fulwlflvh wkh zhdn h{sodqdwru| srzhu ri wkh rshudwlqj xqhpsor|phqw suro0
lqj v|vwhpv lq wkh XVD lq suhglfwlqj xqhpsor|phqw gxudwlrq1 Wkh| vkrz wkdw uhohydqw lqirupdwlrq
iru suhglfwlqj xqhpsor|phqw gxudwlrq/ h1j1 hpsor|phqw klvwrulhv/ lv qhjohfwhg lq prvw v|vwhpv18
Wkh qhfhvvlw| ri suhglfwlqj wuhdwphqw hhfwv rq dq lqglylgxdo edvlv kdv iru lqvwdqfh ehhq lqglfdwhg
lq Khfnpdq/ Vplwk/ dqg Fohphqwv +4<<:,/ zklfk irxqg frqvlghudeoh wuhdwphqw hhfw khwhurjhqhlw|
dprqj lqglylgxdov lq wkh Mre Wudlqlqj Sduwqhuvkls Dfw surjudpph +MWSD/ XVD, dqg uhmhfwhg wkh
dvvxpswlrq ri d frqvwdqw wuhdwphqw hhfw1 Zkloh fohduo| ehqhfldo wr vrph sduwlflsdqwv wkh MWSD
surjudpph dsshduhg wr eh kdupixo wr rwkhu sduwlflsdqwv/ lq wkh vhqvh wkdw qrq0sduwlflsdwlrq zrxog
kdyh ehhq pruh dgydqwdjhrxvo| wr wkhp1 Dovr Eodfn/ Vplwk/ Ehujhu/ dqg Qrho +4<<<, uhmhfw wkh
frqvwdqw wuhdwphqw hhfw dvvxpswlrq zlwk uhvshfw wr zrunhu surolqj vhuylfhv lq Nhqwxfn|1
4Wkh zrugv surjdpph dqg wuhdwphqw duh xvhg v|qrq|prxvo| wkurxjkrxw wkh wh{w1
5Wkh irfxv ri wklv sdshu lv hqwluho| rq rxwfrphv1 Xwlolw| gxulqj surjudpph sduwlflsdwlrq lv qhjohfwhg1
6H{fhswlrqv duh wkh Vhuylfh dqg Rxwfrph Phdvxuhphqw V|vwhp +VRPV, lq Fdqdgd dqg wkh Iurqwolqh Ghflvlrq Vxssruw
V|vwhp +IGVV, lq wkh XVD/ zklfk gluhfwo| suhglfw k|swrwkhwlfdo rxwfrphv rq dq lqglylgxdo edvlv wr sursrvh d vxlwhg
surjudpph1 Iru ghwdlov frqvxow= Dxvwudold +RHFG 4<<;,/ Fdqdgd +Froslwwv 4<<<,/ Qhwkhuodqgv +gh Nrqlqj 4<<<,/
XVD= Zrunhu Surolqj dqg Uhhpsor|phqw Vhuylfhv +GRO 4<<</ Eodfn/ Vplwk/ Ehujhu/ dqg Qrho 4<<<,/ Zhoiduh0wr0Zrun
+Hehuwv 4<<;,/ IGVV +Hehuwv dqg R*Ohdu| 4<<<,1
7Wklv grhv qrw krog/ iru lqvwdqfh/ iru wkh zrunhu surolqj v|vwhp lq wkh XVD +Eodfn/ Vplwk/ Ehujhu/ dqg Qrho 4<<</
Ehujhu/ Eodfn/ dqg Vplwk 5333,/ zkhuh wkrvh lq wkh plggoh udqjhv ri wkh surolqj vfruh jdlq prvw dqg wkh wuhdwphqw
hhfw ehfrphv hyhq qhjdwlyh iru lqglylgxdov zlwk kljk orqj0whup xqhpsor|phqw ulvn1 Reylrxvo|/ lw lv dovr dvvxphg wkdw
wkh surjudpphv duh ehqhfldo wr wkh sduwlflsdqwv/ zklfk riwhq lv dw ohdvw grxewixo dv pdq| hydoxdwlrq vwxglhv vkrz/ wkdw
vrphwlphv hyhq qg qhjdwlyh wuhdwphqw hhfwv +vhh h1j1 Id| +4<<9,/ Jhuq dqg Ohfkqhu +5333,/ Ohfkqhu +5333,/ Sxkdql
+4<<<,,1
8Iru lqvwdqfh/ wkh surolqj v|vwhp ri Shqqv|oydqld uholhv rq rqo| ; h{sodqdwru| yduldeohv wr suhglfw wkh suredelolw|
ri XL ehqhw h{kdxvwlrq dqg grhv qrw hyhq frqwdlq udfh/ djh/ dqg jhqghu/ dv surklelwhg e| odz +R*Ohdu|/ Ghfnhu/ dqg
Zdqgqhu 4<<;,1
4D pruh wkrurxjk wkhruhwlfdo irxqgdwlrq ri wuhdwphqw fkrlfh fdq eh irxqg lq wkh zrun ri Pdqvnl
Pdqvnl +4<<:/ 4<<</ 5333, dqg Ghkhmld +4<<<,/ dqg iurp d glhuhqw ylhzsrlqw lq Ehujhu/ Eodfn/ dqg
Vplwk +5333,1 Ehujhu/ Eodfn/ dqg Vplwk +5333, dqdo|vh wkh xvh ri surolqj dv dq lqgluhfw phwkrg
iru wkh vhohfwlrq ri wkh rswlpdo wuhdwphqw1 Lqvwhdg ri ehlqj gluhfwo| jxlghg e| srwhqwldo rxwfrphv/
surolqj surfhhgv e| doorfdwlqj lqglylgxdov wr wkh surjudpphv rq edvlv ri wkhlu surolqj vfruhv/ zklfk
lv d *qhhg* ru *ulvn* lqglfdwru/ h1j1 wkh suredelolw| ri ehfrplqj orqj0whup xqhpsor|hg/ lqglfdwlqj krz
xujhqw dfwlyh phdvxuhv duh1 D forvh dqg srvlwlyh uhodwlrqvkls ehwzhhq wkh surolqj yduldeoh dqg wkh
wuhdwphqw hhfwv lv vxssrvhg/ lq wkh vhqvh wkdw lqglylgxdov zlwk kljk surolqj vfruhv duh wkrvh zkr
jdlq prvw iurp wuhdwphqw1 Surolqj pljkw eh d frqyhqlhqw zd| wr vhohfw surjudpph sduwlflsdqwv li
vxfk d forvh uhodwlrq ehwzhhq wkh surolqj yduldeoh dqg wkh rxwfrph yduldeohv ri lqwhuhvw h{lvwv dqg
hvwlpdwlrq ri wklv surolqj yduldeoh lv pruh suhflvh wkdq gluhfw hvwlpdwlrq ri wkh rxwfrph yduldeohv
ri lqwhuhvw1 Krzhyhu/ vlqjoh0vfruh surolqj lv xqolnho| wr zrun zhoo dqg wudqvsduhqw/ li d ydulhw| ri
glhuhqw dqg khwhurjhqrxv surjudpphv lv dydlodeoh wr fkrrvh iurp ru li pxowlsoh rxwfrph yduldeohv
uhihu wr frq lfwlqj surjudpph jrdov19
Sduwlfxoduo| li vrph surjudpphv duh kdupixo wr vrph lqglylgxdov/ wkh htxlw| dujxphqw riwhq
eurxjkw iruzdug wr dujxh wkdw +srwhqwldo, orqj0whup xqhpsor|hg duh zruvw r dqg wkhuhiruh prvw lq
qhhg iru lqwhqvlyh surjudpphv pljkw ehfrph frqwudglfwru|1 Wklv htxlw| dujxphqw lv dovr txhvwlrqhg
lq Ehujhu/ Eodfn/ dqg Vplwk +5333, zkr vkrz zlwklq wkh iudphzrun ri d vlpsoh vhdufk prgho wkdw
orqj0whup xqhpsor|phqw dqg zhoiduh pxvw qrw qhfhvvdulo| eh qhjdwlyho| fruuhodwhg1
Wkh zrun ri Pdqvnl dqg Ghkhmld lv gluhfwo| frqfhuqhg zlwk srwhqwldo rxwfrphv1 Ghkhmld +4<<<, dq0
do|}hg wkh JDLQ h{shulphqw +Juhdwhu Dyhqxhv iru Lqghshqghqfh/ XVD, e| h{solflwo| frqvlghulqj wkh
wuhdwphqw ghflvlrq sureohp ri dq lqglylgxdo1 Vwloo edvhg rq d sdudphwulf prgho/ kh xvhg d Ed|hvldq
dssurdfk wr wdnh fduhixo dffrxqw ri xqfhuwdlqw| lq wkh lqglylgxdo ghflvlrq pdnlqj vlwxdwlrq dqg orrnhg
iru uvw0rughu vwrfkdvwlf grplqdqfh uhodwlrqvklsv ehwzhhq sduwlflsdwlrq dqg qrq0sduwlflsdwlrq1 Pdq0
vnl/ irfxvlqj rq lghqwlfdwlrq xqghu zhdnhvw dvvxpswlrqv exw qhjohfwlqj hvwlpdwlrq lvvxhv/ dqdo|}hv
wkh lqglylgxdo wuhdwphqw vhohfwlrq sureohp dqg vwdwlvwlfdo vhohfwlrq uxohv1 Lq Pdqvnl +4<<:, kh ghulyhv
erxqgv rq wkh lqglylgxdo wuhdwphqw hhfwv xqghu zhdn dvvxpswlrqv olnh prqrwrqlflw| ru frqfdylw|
zklfk pd| lq vrph fdvhv eh vx!flhqwo| lqirupdwlyh wr hvwdeolvk grplqdqfh uhodwlrqvklsv ehwzhhq fhu0
wdlq wuhdwphqwv iru d sduwlfxodu shuvrq/ wkxv hqulfklqj wkh lqirupdwlrq vhw ri wkh ghflvlrq pdnhu1 Vwd0
wlvwlfdo wuhdwphqw vhohfwlrq uxohv/ zklfk duh doorfdwlrq uxohv edvhg rq vwdwlvwlfdo prghov wkdw gluhfwo|
dvvljq folhqwv wr wuhdwphqwv/ duh dw wkh fhqwuh ri Pdqvnl +4<<</ 5333,1 Lq Pdqvnl +5333, kh dqdo|vhv
wuhdwphqw fkrlfh xqghu dpeljxlw| dqg grplqdqfh dqg rswlpdolw| ri vhohfwlrq uxohv1 Dvvljqlqj hdfk
lqglylgxdo wr wkh wuhdwphqw zlwk wkh kljkhvw h{shfwhg srwhqwldo rxwfrph frqglwlrqdo rq wkh revhuyhg
fryduldwhv H^\ om[ @ {` lv rswlpdo lq dq xwlolwduldq vhqvh1 Ghfhqwudolvhg vhoi0vhohfwlrq lv dw ohdvw dv
jrrg dv d vwdwlvwlfdo vhohfwlrq uxoh li wkh lqglylgxdov nqrz pruh derxw wkhlu fryduldwhv wkdq wkh vwdwlv0
wlfldq/ kdyh udwlrqdo h{shfwdwlrqv derxw wkhlu srwhqwldo rxwfrphv/ pd{lpl}h h{shfwhg xwlolw| dqg duh
ulvn qhxwudo dqg li wkhlu remhfwlyhv dqg suhihuhqfhv gr qrw glhu iurp wkh fhqwudo sodqqhu*v1 Wklv pdnhv
lw/ dw ohdvw lq vrph fdvhv/ txhvwlrqdeoh zkhwkhu xqjxlghg vhoi0vhohfwlrq lv d zlvh vhohfwlrq surfhvv1 Ixu0
wkhu/ grplqdqfh uhodwlrqvklsv ehwzhhq ihdvleoh wuhdwphqw uxohv duh ghulyhg iru d vlpsoh vhwwlqj zlwk d
elqdu| fryduldwh/ d elqdu| wuhdwphqw dqg d elqdu| rxwfrph yduldeoh1 Lq Pdqvnl +4<<<, kh frpsduhv
wzr vhohfwlrq uxohv/ rqh wdnlqj dffrxqw ri fryduldwh lqirupdwlrq dqg wkh rwkhu rqh qhjohfwlqj lw1
Wklv sdshu lv prwlydwhg e| d pruh sudfwlfdo dssurdfk wr ghyhors d urexvw vwdwlvwlfdo ghflvlrq
vxssruw v|vwhp iru fkrrvlqj dprqj pxowlsoh surjudpphv/ pruh hoderudwhg dqg edvhg rq zhdnhu
9Wr looxvwudwh wkh glhuhqfh ehwzhhq surolqj dqg wdujhwlqj edvhg rq hvwlpdwhg srwhqwldo rxwfrphv frqvlghu xqhp0
sor|phqw gxudwlrq1 Surolqj zrxog hvwlpdwh iru dq xqhpsor|hg lqglylgxdo wkh h{shfwhg xqhpsor|phqw gxudwlrq li wkh
lqglylgxdo grhv qrw sduwlflsdwh lq wuhdwphqw dqg dvvljqv wkrvh lqglylgxdov zlwk wkh kljkhvw h{shfwhg gxudwlrq wr wuhdw0
phqw1 Wdujhwlqj zrxog hvwlpdwh xqhpsor|phqw gxudwlrq lq qrq0sduwlflsdwlrq vwdwh dv zhoo dv h{shfwhg gxudfwlrq li wkh
lqglylgxdo zrxog sduwlflsdwh lq wuhdwphqw dqg vhohfwv lqglylgxdov rq edvlv ri erwk hvwlpdwhg gxudwlrqv ru wkhlu glhuhqfh1
5dvvxpswlrqv wkdq wkh fxuuhqwo| h{lvwlqj v|vwhpv/ exw uhtxlulqj pruh vwuxfwxuh wkdq Pdqvnl*v zrun1
D qhz vhplsdudphwulf hvwlpdwru iru vhohfwlqj wkh rswlpdo surjudpph lv ghyhorshg dqg h{hpsodu|
dssolhg wr Vzhglvk uhkdelolwdwlrq surjudpphv1
Wr eh deoh wr glvfxvv lqglylgxdoo| rswlpdo surjudpphv uvw wkh srwhqwldo rxwfrph iudphzrun ri
Uxelq +4<:7, vkdoo eh lqwurgxfhg1 Ohw U eh wkh qxpehu ri glhuhqw surjudpphv ri zklfk hdfk lqgl0
ylgxdo kdv wr fkrrvh h{dfwo| rqh1 Vxssrvh wkdw iru hyhu| lqglylgxdo srwhqwldo +diwhu0wuhdwphqw, rxw0
f r p h vh { l v wi r ud o oU surjudpphv/ ghqrwhg e| udqgrp yhfwruv \ ￿
￿ >\2
￿ >==>\ -
￿ 5? T / ri zklfk hyhqwxdoo|
rqo| wkdw rxwfrph yhfwru zloo eh revhuyhg wkdw fruuhvsrqgv wr wkh surjudpph lq zklfk wkh lqglylgxdo
sduwlflsdwhv1 Wkhvh srwhqwldo rxwfrph yhfwruv \ o frqwdlq d ydulhw| ri glhuhqw rxwfrph yduldeohv dqg
pd| lqfoxgh ehvlghv hfrqrplf dqg prqhwdu| lqglfdwruv dovr khdowk/ vrfldo/ dqg sv|fkrorjlfdo yduldeohv
fruuhvsrqglqj wr wkh pxowlsolflw| ri jrdov wr zklfk wkh surjudpphv duh gluhfwhg1 Ohw [ 5? & gh0
qrwh d qh/ l1h1 ghwdlohg/ vhw ri h{rjhqrxv lqglylgxdo fkdudfwhulvwlfv1 Wkhq wkh h{shfwhg srwhqwldo
rxwfrph H^\ om[ @ [￿` frqglwlrqdo rq wkh fkdudfwhulvwlfv ri shuvrq l lv d jrrg dssur{lpdwlrq iru wkh
h{shfwhg srwhqwldo rxwfrph H^\ o
￿ ` iru shuvrq l1O h wx+,=?T :$ ? ghqrwh d xwlolw| ixqfwlrq pdsslqj
wkh Y 0glphqvlrqdo rxwfrph yhfwru \ o lqwr dq rqh0glphqvlrqdo xwlolw| lqgh{ dqg dvvxplqj wkdw xwlolw|




x￿ +H^\ om[ @ [￿`,1
Dffruglqjo|/ wkh sursrvhg hvwlpdwru frqvlvwv ri wzr vwhsv1 Iluvw wkh h{shfwhg srwhqwldo rxwfrphv
H^\ om[` duh hvwlpdwhg1 Vlqfh revhuydwlrqv rq \ o duh rqo| dydlodeoh iru iruphu sduwlflsdqwv lq sur0
judpph u/r q o |H^\ om[>G @ u` lv lghqwlhg/ zkhuh G 5i 4>===>Uj lv wkh sduwlflsdwlrq lqglfdwru wkdw
lqglfdwhv wkh surjudpph lq zklfk d iruphu sduwlflsdqw kdv sduwlflsdwhg1 Dvvxplqj wkdw frqglwlrq0
lqj rq d qh yhfwru ri h{sodqdwru| fkdudfwhulvwlfv [ uhpryhv doo vhohfwlrq eldv/ vxfk wkdw H^\ om[`@
H^\ om[>G @ u`/ wkh srwhqwldo rxwfrphv duh qrqsdudphwulfdoo| lghqwlhg iurp wkh revhuyhg rxwfrphv1
Wklv frqglwlrqdo lqghshqghqfh dvvxpswlrq lv fhqwudo wr pdq| hydoxdwlrq vwxglhv +h1j1 Dqjulvw +4<<;,/
Ghkhmld dqg Zdked +4<<<,/ Ohfkqhu +4<<<d,,1 Krzhyhu/ dv lv zhoo nqrzq iurp qrqsdudphwulf vwdwlv0
wlfv/ qrqsdudphwulf hvwlpdwlrq ri wkh h{shfwhg ydoxh ri \ o frqglwlrqdo rq d kljk0glphqvlrqdo suhglf0
wru [ uhtxluhv yhu| odujh vdpsoh vl}hv1 Gxh wr wklv gl!fxow| wkh surolqj dqg wdujhwlqj olwhudwxuh
kdv e| dqg odujh hpsor|hg ixoo| sdudphwulf vshflfdwlrqv/ zkhuhdv wkh plfurhfrqrphwulf hydoxdwlrq
olwhudwxuh kdv frqfhqwudwhg rq wkh qrqsdudphwulf hvwlpdwlrq ri xqfrqglwlrqdo h{shfwdwlrqv H\ o +h1j1
dyhudjh wuhdwphqw hhfwv, dqg ri frqglwlrqdo h{shfwdwlrqv rq orz0glphqvlrqdo vwudwli|lqj dwwulexwhv/
olnh phq yv1 zrphq +vhh Dqjulvw dqg Nuxhjhu +4<<<,/ Khfnpdq/ OdOrqgh/ dqg Vplwk +4<<<,/ Pdqvnl
+4<<8,,1 Hvwlpdwlqj wkhvh dyhudjh wuhdwphqw rxwfrphv lv ixuwkhu hdvhg e| wkh edodqflqj vfruh surs0
huw| ri wkh sduwlflsdwlrq suredelolwlhv1 Dv vkrzq e| Urvhqedxp dqg Uxelq +4<;6, iru U @5dqg e|
Lpehqv +4<<<, dqg Ohfkqhu +4<<<e, iru wkh pxowlsoh wuhdwphqw fdvh/ frqglwlrqdo lqghshqghqfh dovr
lpsolhv wkdw H^\ omso+[,` @ H^\ omso+[,>G@ u`/z k h u hso+[,@su+G @ um[, lv wkh suredelolw| wkdw
dq lqglylgxdo zlwk fkdudfwhulvwlfv [ sduwlflsdwhv lq surjudpph u1 Wkxv/ frqglwlrqlqj rq wkh rqh0
glphqvlrqdo sduwlflsdwlrq suredelolw| so lv vx!flhqw wr dyrlg vhohfwlrq eldv1 E| wkh odz ri lwhudwhg
h{shfwdwlrqv wkh dyhudjh wuhdwphqw rxwfrph lv lghqwlhg e| H\ o @ HRoEf￿H^\ omso+[,>G @ u` dqg
fdq eh hvwlpdwhg e| uvw uhjuhvvlqj \ o rq wkh revhuyhg sduwlflsdwlrq suredelolwlhv so dqg zhljkwlqj
wklv hvwlpdwh zlwk wkh ghqvlw| ri so lq wkh srsxodwlrq1 Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<;, sursrvhg
orfdo sro|qrpldo uhjuhvvlrq iru wkh qrqsdudphwulf uvw vwhs hvwlpdwlrq ri H^\ omso+[,>G@ u` lqvwhdg
ri lqh!flhqw/ wkrxjk srsxodu/ sdlu0pdwfklqj dqg ghyhorshg dv|pswrwlf glvwulexwlrq wkhru|/ zklfk fdq
eh dssolhg wr wkh hvwlpdwh ri wkh dyhudjh wuhdwphqw hhfw a H\ o1
Vlqfh h{shfwhg srwhqwldo rxwfrphv fdq eh hvwlpdwhg iru eurdg vxesrsxodwlrqv zlwkrxw uho|lqj rq
dq| sdudphwulf dvvxpswlrqv/ exw qrqsdudphwulf hvwlpdwlrq frqglwlrqdo rq d qh yhfwru ri fkdudfwhu0
lvwlfv [ lv sudfwlfdoo| lqihdvleoh/ wklv sdshu vxjjhvwv wr frpelqh sdudphwulf vshflfdwlrqv ri wkh frq0
6glwlrqdo rxwfrphv H^\ om[` zlwk qrqsdudphwulfdoo| hvwlpdwhg dyhudjh rxwfrphv wr whvw zkhwkhu wkh
sdudphwulf prgho lv fruuhfwo| vshflhg dqg wr lpsuryh wkh frh!flhqw hvwlpdwhv lq fdvh ri plvvshfl0
fdwlrq1 Erwk prghov duh frpelqhg zlwklq wkh JPP iudphzrun dqg wkh vwdwlvwlfdo surshuwlhv ri wkh
JPP hvwlpdwru duh ghulyhg lq vhfwlrqv 5 dqg 61:
Diwhu wkh h{shfwhg srwhqwldo rxwfrphv kdyh ehhq hvwlpdwhg/ ghwhuplqlqj wkh rswlpdo wuhdwphqw
dv wkh vhfrqg vwhs lv frqvlghuhg lq vhfwlrq 71 Lq fdvh wkdw wkh xwlolw| ixqfwlrq x￿ lv nqrzq ru wkh
srwhqwldo rxwfrphv \ o frqwdlq rqo| rqh yduldeoh/ lw lv whvwhg zkhwkhu iru d sduwlfxodu lqglylgxdo rqh
surjudpph lv mrlqwo| vljqlfdqwo| ehwwhu wkdq doo rwkhu surjudpphv1 Wklv fdq hdvlo| eh h{whqghg wr
ghulyh d vhpl0rughulqj ri ehvw/ lqwhuphgldwh/ dqg zruvw surjudpphv e| pxowlsoh0frpsdulvrqv0zlwk0
wkh0ehvw +PFE/ vhh Kruudfh dqg Vfkplgw +4<<9, ru Kvx +4<<9,,1 Li wkh xwlolw| ixqfwlrq x￿ lv xqnqrzq/
lw lv dqdo|vhg zkhwkhu d fhuwdlq surjudpph grplqdwhv rwkhu surjudpphv lq doo rxwfrph yduldeohv1
Ilqdoo|/ lq vhfwlrq 8 wklv vhplsdudphwulf hvwlpdwru lv dssolhg wr Vzhglvk uhkdelolwdwlrq surjudpphv
dqg vhfwlrq 9 frqfoxghv1
5 Vwdwlvwlfdo prghoolqj
514 Qrqsdudphwulf lghqwlfdwlrq e| wkh frqglwlrqdo lqghshqghqfh dvvxpswlrq
Vlqfh iru dq| lqglylgxdo zklfk sduwlflsdwhg lq surjudpph G rqo| wkh srwhqwldo rxwfrph \ ( fdq eh
revhuyhg exw qhyhu dq| ri wkh frxqwhuidfwxdo rxwfrphv \ r/z k h u hv 9@ G/ wkh h{shfwhg rxwfrphv
H^\ om[` duh jhqhudoo| qrw lghqwlhg/ exw rqo| H^\ om[>G @ u`1 Lghqwli|lqj H^\ om[` iurp wkh
revhuydwlrqv \ o
￿ ri lqglylgxdov zkr kdyh sduwlflsdwhg lq wklv surjudpph +G￿ @ u,/ uhtxluhv hlwkhu d
orfdo lqvwuxphqwdo yduldeoh +Khfnpdq dqg Y|wodflo 4<<<,/ zklfk lq xhqfhv surjudpph fkrlfh exw
grhv qrw dhfw wkh srwhqwldo rxwfrphv/ ru d vx!flhqwo| qh frqglwlrqlqj yhfwru [ zklfk frqwurov
iru doo vhohfwlrq hhfwv/ vxfk wkdw qr vhohfwlrq rq xqrevhuydeohv uhpdlqv +vhh h1j1 Pdqvnl 4<<6,1
Iroorzlqj wkh odwwhu dssurdfk uhtxluhv wkdw doo h{rjhqrxv yduldeohv zklfk vlpxowdqhrxvo| lq xhqfh
wkh vhohfwlrq surfhvv dqg wkh srwhqwldo rxwfrphv duh lqfoxghg lq [/ xvxdoo| uhvxowlqj lq d frqglwlrqlqj
yhfwru ri kljk glphqvlrq1 Wklv lv h{suhvvhg lq wkh frqglwlrqdo lqghshqghqfh dvvxpswlrq iru pxowlsoh
surjudpphv +Lpehqv 4<<</ Uxelq 4<:7,=
\ oB B4+G @ u,m[ ;u 5i 4==Uj/ +4,
zkhuh B B ghqrwhv vwdwlvwlfdo lqghshqghqfh dqg 4+, lv wkh lqglfdwru ixqfwlrq1 Lw vwdwhv wkdw jlyhq wkh
fkdudfwhulvwlfv [ nqrzohgjh zkhwkhu dq lqglylgxdo vhohfwhg lqwr surjudpph u ru lqwr dq| rwkhu sur0
judpph frqwdlqv qr ixuwkhu lqirupdwlrq derxw khu srwhqwldo rxwfrph/ l1h1 frqglwlrqdo rq [ wuhdwphqw
vhohfwlrq lv udqgrp1 Zlwk rwkhu zrugv/ wuhdwphqw vhohfwlrq ghshqgv rq wkh srwhqwldo rxwfrphv rqo|
wr wkh h{whqw wr zklfk wkh| fdq eh dqwlflsdwhg rq edvlv ri wkh h{rjhqrxv fkdudfwhulvwlfv [/e x wq r w
rq dq dqwlflsdwlrq edvhg rq xqrevhuyhg fkdudfwhulvwlfv1
Wkh sodxvlelolw| ri wklv dvvxpswlrq klqjhv rq wkh h{whqw wr zklfk lqglylgxdov gholehudwho| ru xq0
frqvflrxvo| vhohfw lqwr surjudpphv rq edvlv ri fkdudfwhulvwlfv uhodwhg wr wkhlu srwhqwldo rxwfrphv dqg
wr zklfk h{whqw wkhvh fkdudfwhulvwlfv duh revhuyhg1 Li vhoi0vhohfwlrq lv olplwhg ru li ghwdlohg lqirupdwlrq
derxw sduwlflsdqwv* fkdudfwhulvwlfv dqg ehkdylrxu lv dydlodeoh wklv dvvxpswlrq pd| eh uhdvrqdeoh1
Frqglwlrqdo lqghshqghqfh lpsolhv H^\ om[ @ {`@H^\ om[ @ {>G @ u`/ vxfk wkdw wkh h{shfwhg
srwhqwldo rxwfrphv duh lghqwlhg iurp rxwfrphv ri iruphu sduwlflsdqwv iru doo { ydoxhv/ iru zklfk wkhuh
lv srvlwlyh suredelolw| wr ehlqj vhohfwhg lqwr surjudpph u1W k x vH^\ om[ @ {` lv lghqwlhg rqo| iru
:Wklv glhuv iurp frpelqlqj Plfur dqg Pdfur gdwd dv lq Lpehqv dqg Odqfdvwhu +4<<7,/ vlqfh wkh| frpelqh prphqwv
iurp wzr glhuhqw gdwdvhwv/ zkhuhdv khuh prphqwv iurp wzr glhuhqw prghov edvhg rq wkh vdph gdwd duh frpelqhg1
Wkh qrqsdudphwulf prgho lv wkh mxvw0lghqwlhg prgho/ zkloh wkh sdudphwulf prgho lqwurgxfhv dgglwlrqdo vwuxfwxuh wr wkh
qrqsdudphwulfdoo| lghqwlhg prgho1
7doo { 5 Vo/z k h u hV￿>V2>==>V- zlwk Vo  vxss if￿(’o @ i{ = if￿(’o+{, A 3j ghqrwhv wkh vxssruw
ri [ lq wkh vxesrsxodwlrq ri sduwlflsdqwv lq wuhdwphqw u dqg if￿(’o+{, lv wkh ghqvlw| ri [ lq wkh
vxesrsxodwlrq sduwlflsdwlqj lq wuhdwphqw u1 V  vxss if @ i{ = if+{, A 3j lv wkh vxssruw lq wkh
srsxodwlrq1
515 Qrqsdudphwulf hvwlpdwlrq ri dyhudjh wuhdwphqw rxwfrphv
Dowkrxjk wkh h{shfwhg srwhqwldo rxwfrphv H^\ om[` duh qrqsdudphwulfdoo| lghqwlhg e| wkh frq0
glwlrqdo lqghshqghqfh dvvxpswlrq/ qrqsdudphwulf uhjuhvvlrq rq d pxowlyduldwh suhglfwru ehfrphv
txlfno| lpsuhflvh zlwk lqfuhdvlqj glphqvlrq ri [1 Krzhyhu/ dw ohdvw lq hfrqrplf dssolfdwlrqv zlwk re0
vhuydwlrqdo gdwd/ frqwuroolqj iru d odujh qxpehu ri fkdudfwhulvwlfv lv pdqgdwru| wr holplqdwh vhohfwlrq
rq xqrevhuydeohv1 Lq frqvhtxhqfh prvw hydoxdwlrq vwxglhv kdyh devwdlqhg iurp hvwlpdwlqj frqglwlrqdo
rxwfrphv dqg frqfhqwudwhg rq dyhudjh wuhdwphqw rxwfrphv; H\ o iru eurdg vxesrsxodwlrqv/ zklfk
fdq eh hvwlpdwhg pruh suhflvho| +hyhq zlwk
s
q0frqyhujhqfh Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<;,,1
Wkh glphqvlrq0uhgxflqj edodqflqj vfruh surshuw| ri wkh sduwlflsdwlrq suredelolwlhv idflolwdwhv wkh
hvwlpdwlrq ri dyhudjh wuhdwphqw rxwfrphv dv wkh frqglwlrqdo lqghshqghqfh dvvxpswlrq +4, dovr lpsolhv
wkdw
H^\ omso+[ @ {,` @ H^\ omso+[ @ {,>G@ u` ;{ 5 Vo/ +5,
zkhuh so+{,  su+G @ um[ @ {, lv wkh suredelolw| wr eh vhohfwhg lqwr wuhdwphqw u +Urvhqedxp dqg
Uxelq +4<;6, iru wkh fdvh U @5dqg Lpehqv +4<<<, dqg Ohfkqhu +4<<<e, iru pxowlsoh surjudpphv,1
L1h1 li wuhdwphqw dvvljqphqw lv ljqrudeoh frqglwlrqdo rq [/ wkhq lw lv dovr ljqrudeoh frqglwlrqdo rq wkh
sduwlflsdwlrq suredelolw| so+[,1 Zlwk nqrzq ru frqvlvwhqwo| hvwlpdwhg sduwlflsdwlrq suredelolwlhv wkh
h{shfwhg rxwfrphv frqglwlrqdo rq wkh +rqh0glphqvlrqdo, sduwlflsdwlrq suredelolw| so+[, fdq hdvlo| eh
hvwlpdwhg e| qrqsdudphwulf uhjuhvvlrq<1 E |w k ho d zr il w h u d w h gh { s h f w d w l r q vw k hd y h u d j hw u h d w p h q w
rxwfrph H\ o lv lghqwlhg iru wkh srsxodwlrq zlwk fkdudfwhulvwlfv lq wkh vxssruw Vo e|
H7o\ o @ H




+H^\ omso+[,>G@ u`  4+[ 5 Vo,,
su+[ 5 Vom[ 5 V,
1
+6,
dqg fdq eh hvwlpdwhg dv
a H7o\ o @
q3￿S
￿
a po+a so+[￿,,  4+[￿ 5 a Vo,
q3￿S
￿








duh d udqgrp vdpsoh ri q lqghshqghqw revhuydwlrqv dqg a Vo/ a so dqg a po+=, duh
suholplqdu| hvwlpdwhv ri wkh vxssruw Vo/ wkh sduwlflsdwlrq suredelolw| so+{,/ dqg wkh uhjuhvvlrq fxuyh
po+s,@ H^\ omso+[,@s`/ uhvshfwlyho|1 Doo rshudwlrqv zlwk uhvshfw wr wkh yhfwru \ o duh ghqhg
dv hohphqw0zlvh lq \ o1 Qrwlfh wkdw rxwvlgh wkh vxssruw Vo wkh frqglwlrqdo rxwfrph H^\ om[` lv qrw
lghqwlhg/ vxfk wkdw wkh srsxodwlrq h{shfwdwlrq ri \ o lv qrw d xvhixo frqfhsw1
;Wkh irfxv ri prvw hydoxdwlrq vwxglhv lv rq wuhdwphqw hhfwv/ zklfk duh wkh glhuhqfh ehwzhhq wzr srwhqwldo rxwfrphv1
<Lw vwloo uhpdlqv wkh sureohp wr hvwlpdwh RoE( ' of zlwkrxw vwurqj sdudphwulf dvvxpswlrqv1 Krzhyhu/ dw ohdvw lq
wkh vlpxodwlrqv ri Wrgg +4<<<,/ frpsdulqj sdudphwulf dqg vhplsdudphwulf hvwlpdwruv ri wkh sduwlflsdwlrq suredelolw|/
wkh sdudphwulf hvwlpdwlrq zdv txlwh urexvw dqg plvvshflfdwlrq ri wkh sduwlflsdwlrq suredelolw| vhhphg wr eh ohvv vhulrxv1
8516 Sdudphwulf prghoolqj ri srwhqwldo rxwfrphv
Lq frqwudvw wr wkh plfurhfrqrphwulf hydoxdwlrq olwhudwxuh/ wkh rshudwlqj surolqj dqg surjudpph0
wdujhwlqj v|vwhpv dlp wr suhglfw srwhqwldo rxwfrphv vshflfdoo| iru d sduwlfxodu lqglylgxdo dqg duh
xvxdoo| edvhg rq ixoo| sdudphwulf prghov1 Vlqfh wkh mrlqw glvwulexwlrq ri wkh srwhqwldo rxwfrph yhfwruv
lv qrw lghqwlhg/ wkh srwhqwldo rxwfrphv fdq eh prghoohg vhsdudwho| iru hdfk surjudpph u e| vshfli|lqj
d yhfwru0ydoxhg ixqfwlrq ko+{>o,/ zlwk frh!flhqw yhfwru o ri glphqvlrq n/ dqg qglqj ydoxhv iru o/
vxfk wkdw ko+{>o, dssur{lpdwhv H^\ om[ @ {` dv zhoo dv srvvleoh1 Wkh dssur{lpdwlrq lv edvhg rq wkh
sduwlflsdqwv lq surjudpph u/ vlqfh rqo| iru wkhp wkh rxwfrph \ o fdq eh revhuyhg1 Frqvhtxhqwo| wkh
dssur{lpdwlrq wr wkh h{shfwhg srwhqwldo rxwfrph pd| eh zhdn iru { ydoxhv zklfk duh glvwdqw iurp
wkh uhjlrq zkhuh wkh ghqvlw| pdvv ri wkh sduwlflsdqwv lq surjudpph u olhv1
Lq wkh fdvh wkdw wkh sdudphwulf ixqfwlrqv ko duh fruuhfwo| vshflhg/ l1h1 wkhuh h{lvw frh!flhqw
yhfwruv io
fjo’￿￿￿- vxfk wkdw xqghu wkh frqglwlrqdo lqghshqghqfh dvvxpswlrq +4,
H^\ om[ @ {>G @ u`@H^\ om[ @ {`@ko+{>o
f, ;{ 5 V/ ;u 5i 4==Uj/ +8,
wkhq vwdqgdug dv|pswrwlf wkhru| iru sdudphwulf hvwlpdwruv fdq eh hpsor|hg wr vkrz frqyhujhqfh ri
ko+{>a 
o
, w rw k hw u x hh { s h f w h gr x w f r p h vko+{>o
f,/z k h u hw k hU rxwfrph uhodwlrqvklsv fdq eh hvwlpdwhg
lqghshqghqwo| iurp wkh vxevdpsohv ri uhvshfwlyh sduwlflsdqwv1
Li qr frh!flhqw yhfwruv io
fjo’￿￿￿- h{lvw wkdw vdwlvi| +8, wkhq wkh sdudphwulf prgho lv plvvshflhg
dqg dw ohdvw rqh ri wkh ixqfwlrqv ko lv qrw vx!flhqwo|  h{leoh wr hpeudfh wkh wuxh phdq ixqfwlrq iru
doo {1 Qhfhvvdulo| dq| hvwlpdwh ko+{>a 
o
, pxvw eh eldvhg iru dw ohdvw vrph { ydoxhv dqg wkh txdolw|
ri wkh dssur{lpdwlrq wr wkh phdq ixqfwlrq frxog eh ghflhqw zlwk uhvshfw wr wkh zkroh srsxodwlrq/
li wkh glvwulexwlrq ri [ lq wkh srsxodwlrq dqg lq wkh vxesrsxodwlrq ri sduwlflsdqwv lq surjudpph u
glhu +fi1 Vhfwlrq 616 ehorz,1
517 Wkh vhplsdudphwulf prgho
H{wudfwlqj wkh hvvhqfh ri erwk wkh qrqsdudphwulf dqg wkh ixoo| sdudphwulf prgho/ lw iroorzv wkdw lq
revhuydwlrqdo vwxglhv ri uhdvrqdeoh vdpsoh vl}h wkh qrqsdudphwulf hvwlpdwlrq ri H^\ om[ @ {` lv riwhq
h{wuhpho| gl!fxow gxh wr wkh kljk glphqvlrq ri [/ zkloh wkh qrqsdudphwulf hvwlpdwlrq ri H^\ omso @ s`
dqg frqvhtxhqwo| ri H^\ o` lv idluo| vwudljkwiruzdug1 Rq wkh rwkhu kdqg/ e| sdudphwulfdoo| vshfli|lqj
wkh rxwfrph uhodwlrqvklsv H^\ om[ @ {` fdq hdvlo| eh hvwlpdwhg/ wkrxjk dw wkh frvw wkdw wkh uhvxowv
pd| eh eldvhg gxh wr plvvshflfdwlrq ri wkh ixqfwlrqdo irupv1 Wkh vhplsdudphwulf prgho sursrvhg
ehorz frpelqhv wkh sdudphwulf htxdwlrqv zlwk qrqsdudphwulf hvwlpdwhv ri H^\ o`1
Li erwk prghov zhuh fruuhfw/ wkhlu suhglfwhg phdq rxwfrphv vkrxog frqyhujh wr wkh vdph olplw1 L1h1
wkh dyhudjh wuhdwphqw rxwfrph zlwk uhvshfw wr wkh srsxodwlrq +zlwklq Vo, rqfh hvwlpdwhg qrqsdud0
phwulfdoo| dv
a H7o\ o @
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,  a po+a so+[￿,,
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 4+[￿ 5 a Vo,@3 1 +9,
Vxssrvlqj frqvlvwhqw hvwlpdwhv ri so+, dqg po+,/ d ylrodwlrq ri wkh htxdolw| frqglwlrq +9, zrxog
lqglfdwh d plvvshflfdwlrq ri wkh sdudphwulf prgho +8,1
Vxfk dq htxdolw| frqglwlrq pxvw dovr krog iru dq| vxesrsxodwlrq ghqhg rq wkh [ fkdudfwhulvwlfv1
Wr vwdwh wkh htxdolw| frqglwlrqv +9, frqflvho| iru O glhuhqw vxesrsxodwlrqv ghqh d yhfwru0ydoxhg
lqglfdwru ixqfwlrq +{, ri glphqvlrq O4/ zklfk lv rqh lq wkh frpsrqhqwv ,+{, iru zklfk { lv sduw ri
wkh fruuhvsrqglqj vxesrsxodwlrq dqg }hur rwkhuzlvh1 Dq h{dpsoh ri wklv pxowlglphqvlrqdo lqglfdwru
ixqfwlrq ghqlqj wkh 6 srsxodwlrqv= zkroh srsxodwlrq/ vxesrsxodwlrq ri pdohv/ dqg vxesrsxodwlrq









Wkhq wkh vhplsdudphwulf prgho fdq eh vxppdul}hg dv=
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zkhuh a po
Tu lv d froxpq yhfwru ri ohqjwk YO ri doo vwdfnhg qrqsdudphwulf hvwlpdwhv ri H^\ omso`//
vxfk wkdw wkh uvw Y hohphqwv fruuhvsrqg wr wkh rxwfrph yhfwru iru srsxodwlrq rqh/ wkh vhfrqg Y
hohphqwv wr wkh rxwfrph yhfwru iru srsxodwlrq wzr/ dqg vr iruwk1 L1h1 a po
Tu+a so+[￿,, @ +a po￿
￿ +a so+[￿, 
￿+[￿,>==>a po￿
, +a so+[￿,  ,+[￿,>==> a po￿
u+a so+[￿,  u+[￿,,￿ lv wkh froxpq yhfwru ri doo hvwlpdwhg rxwfrph
yduldeohv a po￿




￿ lq doo srsxodwlrqv o @4 >==>O/z k h u ha po
￿,+a so, lv dq
hvwlpdwru ri wkh h{shfwdwlrq H^\ o
￿ mso+[,@a so>,+[,@4 `ri wkh y0wk yduldeoh ri wkh srwhqwldo rxwfrph
yhfwru \ o lq wkh o0wk vxesrsxodwlrq ghqhg e| ,+[, frqglwlrqdo rq wkh sduwlflsdwlrq suredelolw|1 
lv wkh Nurqhfnhu surgxfw rshudwru1
Reylrxvo|/ wkh odujhu wkh qxpehu ri vxesrsxodwlrqv O wkh pruh ghwdlohg lqirupdwlrq derxw vxe0
jurxs khwhurjhqhlw| zloo hqwhu lqwr wkh prgho1 Rq wkh rwkhu kdqg/ wkh vpdoohu wkh vxesrsxodwlrqv jhw
wkh ohvv suhflvh wkh qrqsdudphwulf hvwlpdwhv zloo eh dqg wkhlu dgglwlrqdo ydoxh dv htxdolw| uhvwulfwlrqv
iru wkh sdudphwulf prgho zloo ghfolqh1
6 Hvwlpdwlrq ri wkh vhplsdudphwulf prgho
614 JPP Hvwlpdwru
Wkh vhplsdudphwulf prgho ri +;, fdq qhdwo| eh h{suhvvhg lq wkh iudphzrun ri wkh jhqhudo phwkrg ri
prphqwv +JPP,1 Wkh JPP hvwlpdwru ri o lv frqvwuxfwhg iurp wzr vhwv ri prphqwv1 Wkh uvw vhw
ri prphqw frqglwlrqv hphujhv iurp wkh sdudphwulf htxdwlrqv dv H^\ o ko+[>o
f,m[ @ {>G @ u`@3 /
vxssrvhg wkh sdudphwulf ixqfwlrqv duh fruuhfwo| vshflhg1 Frqglwlrqlqj rq G @ u lv hvvhqwldo/ vlqfh
rwkhuzlvh wkh rxwfrph \ o lv qrw revhuyhg1 Wklv lpsolhv wkdw
H^Do+[,  +\ o  ko+[>o
f,mG @ u`@3 / +<,
:zlwk Do+{, dq| yhfwru0ydoxhg ixqfwlrq ri {1V x s s r v h w k d w Do+{, lv d n  4 yhfwru0ydoxhg ixqfwlrq/
vxfk wkdw d JPP hvwlpdwru edvhg rq rqo| wkhvh prphqwv zrxog eh mxvw lghqwlhg/ vlqfh o
f frqwdlqv
n frh!flhqwv1
Frpelqlqj wkhvh prphqw frqglwlrqv zlwk wkh htxdolw| frqglwlrqv glvfxvvhg lq wkh suhylrxv vhfwlrq







Do+[￿,  +\￿  ko+[￿>o,,  4+G￿ @ u,
++[￿,  ko+[￿>o,  a po
Tu+a so+[￿,,  4+[￿ 5 a Vo,

/ +43,
ri ohqjwk n . YO 1 Wkh xsshu sduw ri wkh prphqw yhfwru/ l1h1 wkh uvw n hohphqwv/ fruuhvsrqgv wr
wkh prphqw frqglwlrqv +<, pxowlsolhg e| qo@q1 Wkh orzhu sduw ri wkh prphqw yhfwru fruuhvsrqg wr
wkh YOhtxdolw| frqglwlrqv dv lqwurgxfhg lq wkh suhylrxv vhfwlrq1 Uhphpehu wkdw Y lv wkh qxpehu
ri rxwfrph yduldeohv lq wkh srwhqwldo rxwfrph yhfwruv dqg wkdw O lv wkh qxpehu ri +vxe,srsxodwlrqv
frqvlghuhg1 a po
Tu+a so+,, lv wkh froxpq yhfwru ri wkh vwdfnhg qrqsdudphwulf hvwlpdwhv ri H^\ omso+,`
iru doo frqvlghuhg vxesrsxodwlrqv1 Zkloh wkh prphqwv hpdqdwlqj iurp wkh sdudphwulf htxdwlrqv duh
hydoxdwhg ryhu wkh vxevdpsoh zlwk G￿ @ u/ wkh htxdolw| frqglwlrq ehwzhhq wkh qrqsdudphwulf dqg
sdudphwulf hvwlpdwhv surylghv d vhw ri prphqwv iru wkh zkroh srsxodwlrq1 Dgglqj wkhvh htxdolw|
frqglwlrqv dv dgglwlrqdo prphqwv wr wkh prphqwv ri wkh sdudphwulf prgho vkdoo hqvxuh wkdw wkh
frh!flhqwv o duh hvwlpdwhg vxfk wkdw sdudphwulf htxdwlrqv dqg wkh qrqsdudphwulf hvwlpdwhv suhglfw
vlplodu rxwfrphv1 Wkhq o






Tu> a V,￿ a Zojo
?+o> a po
Tu> a V,/
zkhuh a Zo lv d zhljkwlqj pdwul{ zlwk solp a Zo @ Zo srvlwlyh vhplghqlwh1
Vlqfh wkh mrlqw glvwulexwlrq ri wkh srwhqwldo rxwfrphv lv qrw lghqwlhg wkh mrlqw glvwulexwlrq ri
wkh prphqw yhfwruv j￿
?+￿,>==>j-
?+-, lv dovr qrw lghqwlhg1 Li wkh srwhqwldo rxwfrphv \ ￿>==>\- duh
dvvxphg wr eh lqghshqghqw wkhq wkh prphqw yhfwruv j￿
?+￿,>==>j-
?+-, duh xqfruuhodwhg +vhh Ohppd
6 lq wkh dsshqgl{,1 Zlwk jo
? dqg a 
o
? dv|pswrwlfdoo| qrupdo/ dv vkrzq ehorz/ o fdq eh hvwlpdwhg
vhsdudwho| iru hdfk u zlwkrxw orvv lq h!flhqf|1 Wkxv/ lq wkh iroorzlqj wkh hvwlpdwlrq ri iojo’￿￿￿-
surfhhgv lqghshqghqwo| iru hdfk u +h{fhsw iru wkh sduwlflsdwlrq suredelolw| prgho/ zklfk lv hvwlpdwhg
rqo| rqfh,1
615 Surshuwlhv ri wkh JPP hvwlpdwru
Iluvw wkh vwdwlvwlfdo surshuwlhv ri wkh JPP hvwlpdwru duh lqyhvwljdwhg zkhq wkh sdudphwulf rxwfrph
uhodwlrqvkls ko lv fruuhfwo| vshflhg/ l1h1 wkhuh h{lvwv d wuxh sdudphwhu yhfwru o




f,@H^\ om[ @ {`@H^\ om[ @ {>G @ u` ;{ 5 Vo zlwk o
f 5 o1
Xqghu wklv k|srwkhvlv wkh prphqw ixqfwlrq +43, kdv h{shfwdwlrq }hur dw wkh wuxh ydoxhv o
f>po




Tu>Vo,@3 /d q g
s
q0frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri wkh frh!flhqw hvwlpdwhv a 
o
zloo eh vkrzq1 Surriv duh irxqg lq Dsshqgl{ D1 Ixuwkhupruh zlwk d vxlwhg zhljkwlqj pdwul{ wkh JPP
vwdwlvwlf lv dv|pswrwlfdoo| "2 glvwulexwhg dqg wkh M0whvw ri ryhulghqwli|lqj uhvwulfwlrqv +Kdqvhq 4<;5,
fdq eh xvhg wr whvw wkh qxoo0k|srwkhvlv wkdw wkh prgho lv fruuhfwo| vshflhg/ l1h1 zkhwkhu wkh sdudphwulf
prgho surjqrvwlfdwhv srwhqwldo rxwfrphv zklfk duh lq olqh zlwk wkh qrqsdudphwulf hvwlpdwhv1
;Wkhruhp 4 +Frqvlvwhqf|, Li
+l, wkh sdudphwulf ixqfwlrq ko+{>o, lv frqwlqxrxv lq o ryhu d frpsdfw sdudphwhu vsdfh o/
+ll, kdv d xqltxh vroxwlrq o
f 5 o vxfk wkdw ko+{>o,@H^\ om[ @ {` ;{ 5 Vo li dqg rqo| li o @ o
f/
+lll, iru hdfk vxesrsxodwlrq ghqhg e| +{, wkh prphqwv H vxs
woMXo
nDo+[,  +\ o  ko+[>o,,n dqg dovr
H vxs
woMXo
nko+[>o,  4+[ 5 Vo,  H^\ o4+[ 5 Vo,`n h{lvw/ dqg wkh qxpehu ri vxesrsxodwlrqv lv qlwh/
+ly, d frqvlvwhqw hvwlpdwru ri po
Tu+so, dqg Vo lv dydlodeoh/ dqg
+y, wkh zhljkwlqj pdwul{ a Zo frqyhujhv lq suredelolw| wr d srvlwlyh ghqlwh pdwul{1
wkhq wkh JPP hvwlpdwru zlwk prphqw yhfwru +43, lv frqvlvwhqw1
Uhpdun 4 Dvvxpswlrq +lll, ri Wkhruhp 4 frxog eh uhod{hg wr wkh irup jlyhq lq Fruroodu| 81 Krzhyhu/
lq lwv fxuuhqw irup lw lv pruh lqwxlwlyh/ zkhuh wkh uvw prphqw h{lvwhqfh frqglwlrq lv wkh frqglwlrq
wkdw zrxog dsso| li rqo| wkh sdudphwulf prgho zrxog eh hvwlpdwhg e| JPP dqg wkh vhfrqg frqglwlrq
uhtxluhv wkdw wkh sdudphwulf ixqfwlrq uh0fhqwuhg e| lwv phdq kdv qlwh h{shfwdwlrq iru doo dgplvvleoh
frh!flhqw ydoxhv1
Wr hvwdeolvk wkh olplw glvwulexwlrq ri wkh JPP hvwlpdwru L gudz rq wkh uhvxowv ri Khfnpdq/
Lfklpxud/ dqg Wrgg +4<<;,1 Wr dsso| wkhlu uhvxowv wkh suholplqdu| hvwlpdwruv a po
Tudqg a so duh uhvwulfwhg
wr wkh fodvv ri dv|pswrwlfdoo| olqhdu hvwlpdwruv zlwk wulpplqj +vhh Ghqlwlrq 4 lq wkh dsshqgl{,1
Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<;, kdyh vkrzq wkdw orfdo sro|qrpldo hvwlpdwruv/ h1j1 nhuqho ru orfdo
olqhdu uhjuhvvlrq/ ehorqj wr wklv fodvv dqg wkdw a po
Tu+a so+{,, zlwk a so+{, hvwlpdwhg hlwkhu sdudphwulfdoo|
ru qrqsdudphwulfdoo| e| orfdo sro|qrpldo uhjuhvvlrq lv dovr dv|pswrwlfdoo| olqhdu zlwk wulpplqj1
Iru wkh iroorzlqj wkhruhp ghqh q,co dv wkh qxpehu ri sduwlflsdqwv lq wuhdwphqw u zkr ehorqj wr
wkh o0wk vxesrsxodwlrq/ ohw ,cR ghqrwh wkh lq xhqfh ixqfwlrq vwhpplqj iurp wkh hvwlpdwlrq ri wkh
sduwlflsdwlrq suredelolwlhv so+, dqg ,c6 ghqrwh wkh lq xhqfh ixqfwlrq iurp hvwlpdwlqj po+, +vhh
Fruroodulhv 9 dqg : lq wkh dsshqgl{,1
Wkhruhp 5 +Dv|pswrwlf Qrupdolw|, Vxssrvh wkh hvwlpdwru a po+a so+{,, ri H^\ omso+[ @ {,` lv
dv|pswrwlfdoo| olqhdu zlwk wulpplqj iru doo rxwfrph yduldeohv lq doo frqvlghuhg vxesrsxodwlrqv ri wkh
irup
^a po
,+a so+{,,  po
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iru hdfk rxwfrph
yduldeoh y dqg lq hdfk vxesrsxodwlrq o/
+ll, vrph uhjxodulw| frqglwlrqv rq M +vhh dsshqgl{,/
+lll, wkh sdudphwulf prgho lv fruuhfwo| vshflhg Ko
f = ko+{>o
f,@H^\ om[ @ {` ;{ 5 V / zkhuh o
f 5
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? @ ,co zlwk 3 ? ,co ? 4 iru hdfk vxesrsxodwlrq o @4 >==>O/
+y, wkh hvwlpdwhg vxssruw a Vo @ i{ = a if+{,  tfj lv hvwlpdwhg vxfk/ wkdw vxs%M7
   a if+{,  if+{,
  
frqyhujhv d1v1 wr }hur zkhuh V @ i{ = if+{,  tfj/ a if lv d nhuqho ghqvlw| hvwlpdwh zlwk nhuqho zlwk
<prphqwv 4 wkurxjk n htxdo wr }hur/ dqg if lv n .4wlphv frqwlqxrxvo| glhuhqwldeoh zlwk +n .4 , 0wk
ghulydwlyh Kùoghu frqwlqxrxv/
+yl, a Zo frqyhujhv wr Zo s1g1





Tu> a Vo,￿ a Zojo
?+o> a po
Tu> a Vo, zlwk prphqw yhfwru +43, lv
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Uhpdun 5 Li wkh qxpehu ri rxwfrph yduldeohv dqg wkh qxpehu ri vxesrsxodwlrqv grhv qrw jurz zlwk
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Uhpdun 6 Dovr wkh prphqw yhfwru jo
















Uhpdun 7 Wkh eldv whup frxog eh pdgh wr ydqlvk/ e| fkrrvlqj d edqgzlgwk vhtxhqfh k? wkdw frqyhujhv
idvwhu wr }hur1 Khqfh e| vprrwklqj ohvv wkh qrqsdudphwulf uhjuhvvlrq fxuyh p wkh eldv fdq eh derolvkhg1
Ohvv vprrwklqj krzhyhu zloo ohdg wr d pruh zljjo| fxuyh dqg wkh devroxwh ydoxh ri wkh uvw ghulydwlyh
zloo rq dyhudjh lqfuhdvh1 Wklv frxog ohdg wr d gudvwlf lqfuhdvh lq wkh yduldqfh ri wkh hvwlpdwlrq vlqfh wkh
vdpsolqj lpsuhflvlrq ri wkh glvfuhwh fkrlfh vwhs hqwhuv pxowlsolfdwlyho| zlwk wkh vorsh ri wkh uhjuhvvlrq
fxuyh p1 Li wkh surshqvlw| vfruh zhuh nqrzq/ rqh zrxog olnh wr hvwlpdwh wkh uhjuhvvlrq olqh p zlwk
olwwoh eldv wr wudfn wkh wuxh olqh ri wkh uhjuhvvlrq fxuyh1 Krzhyhu/ zlwk s+{, lpsuhflvho| hvwlpdwhg rqh
zdqwv wr hvwlpdwh wkh uhjuhvvlrq fxuyh p zlwk ohvv yduldqfh vxfk wkdw a p+a s+{,.%,  a p+a s+{,,/v l q f hs lv
qrw hvwlpdwhg suhflvho|1 Wklv zloo ohdg jhqhudoo| wr kljkhu eldv dqg orzhu yduldqfh dqg wkh ohvv suhflvh
wkh uvw vwhs hvwlpdwlrq ri wkh glvfuhwh fkrlfh prgho lv wkh ohvv yduldqfh rqh zdqwv1 Wr doorz iru pruh
vprrwklqj/ wkh edqgzlgwk vhtxhqfh pxvw eh doorzhg wr ghfuhdvh dw d orzhu udwh wr }hur/ uhvxowlqj lq wkh
eldv whup lq wkh olplw glvwulexwlrq1 Krzhyhu/ wkh edqgzlgwk vhtxhqfh pxvw frqyhujh vx!flhqwo| idvw wr
}hur wr hqvxuh wkdw wkh dyhudjh eldv whup pxowlsolhg e|
s
q lv qrqvwrfkdvwlf1
E| vwdqgdug JPP wkhru| wkh dv|pswrwlfdoo| h!flhqw JPP hvwlpdwru fkrrvhv Z @^ HMoMo￿`3￿/
zklfk vlpsolhv wkh dv|pswrwlf yduldqfh wr

J￿^HMM￿`3￿J
3￿1 Zlwk wklv zhljkwlqj pdwul{ wkh JPP
vwdwlvwlf pxowlsolhg e| wkh vdpsoh vl}h lv "2 glvwulexwhg zlwk qxpehu ri iuhhgrpv htxdo wr wkh qxpehu






43zlwk a o d frqvlvwhqw hvwlpdwh ri wkh h!flhqw zhljkwlqj pdwul{ ^HMoMo￿`3￿1W k l v v w d w l v w l f j l y h v d
fulwhulrq ri krz zhoo wkh sdudphwulf w frqirupv zlwk wkh qrqsdudphwulf dyhudjhv dqg uhmhfwlrq ri wkh
M0whvw lv dq lqglfdwlrq wkdw wkh sdudphwulf prgho pljkw eh plvvshflhg1 Wkh h!flhqw zhljkwlqj pdwul{





3￿1 Hydoxdwlrq ri Mo
￿ krzhyhu uhtxluhv
h{shfwhg ydoxhv ri wkh lq xhqfh ixqfwlrqv ,cR dqg ,c6/ zklfk wkhpvhoyhv fdq dovr eh hvwlpdwhg
e| vdpsoh dyhudjhv1 Wkh lq xhqfh ixqfwlrqv ghshqg rq wkh hpsor|hg hvwlpdwruv iru wkh sduwlflsdwlrq
suredelolwlhv so dqg wkh uhjuhvvlrq fxuyhv po1 Wkhvh duh jlyhq lq wkh dsshqgl{ iru pd{lpxp olnholkrrg
hvwlpdwlrq ri so dqg nhuqho uhjuhvvlrq hvwlpdwlrq ri po+a so,1
616 Surshuwlhv xqghu plvvshflfdwlrq
Lq wkh suhylrxv vhfwlrq wkh surshuwlhv ri wkh JPP hvwlpdwru kdyh ehhq ghulyhg xqghu fruuhfw vshfl0
fdwlrq ri wkh rxwfrph uhodwlrqvkls ko1 Lq wklv fdvh/ krzhyhu/ vxevwdqwldo jdlqv lq suhflvlrq e| dgglqj
wkh htxdolw| prphqwv wr wkh prphqwv ri wkh sdudphwulf prgho duh xqolnho|/ vlqfh wkh dyhudjh sur0
judpph rxwfrphv duh xqnqrzq dqg a po+a so, qhhgv wr eh hvwlpdwhg1 Exw li wkh frqglwlrqdo phdq ixqf0
wlrq lv plvvshflhg/ l1h1
Ko
￿ = ;o 5 o <{ 5 V vxfk wkdw ko+{>o, 9@ H^\ om[ @ {`/
wkhq frqvlghudeoh uhgxfwlrqv lq Phdq Vtxduhg Eldv vkrxog eh srvvleoh1 Lq wklv fdvh wkh fodvv ri
ixqfwlrqv vsdqqhg e| ko+, grhv qrw frqwdlq wkh wuxh phdq ixqfwlrq dqg vlqfh wkhuh lv qr wuxh o
f
iru zklfk ko dqg wkh wuxh phdq ixqfwlrq zrxog frlqflgh/ dq| hvwlpdwh ko+{>a 
o
, pxvw eh eldvhg iru dw
ohdvw vrph { ydoxhv1
Iljxuh 614= Eldv ri sxuho| sdudphwulf hvwlpdwru dqg ri wkh JPP hvwlpdwru
Hvwlpdwhg uhjuhvvlrq olqhv ri sdudphwulf dqg JPP hvwlpdwru1 Eldv dv d ixqfwlrq ri {1
Ohiw slfwxuh= Sduderolf olqh lv wuxh uhjuhvvlrq fxuyh zlwk wuxh phdq 3198 +krul}rqwdo gdvkhg olqh,1 Revhuydwlrqv ri
sduwlflsdqwv ghslfwhg e| n vljqv/ xqrevhuyhg revhuydwlrqv ri qrq0sduwlflsdqwv e| flufohv1 Hvwlpdwhg uhjuhvvlrq olqhv=
ROV +vrolg, dqg JPP +gdvkhg,1 Uljkw slfwxuh= Eldv dv d ixqfwlrq ri % ri ROV +vrolg, dqg JPP +gdvkhg,
Wklv vlwxdwlrq lv looxvwudwhg e| dq h{dpsoh lq Iljxuh 614 +ohiw slfwxuh,1 Wkhuh \ o dqg [ duh erwk
rqh0glphqvlrqdo dqg wkh wuxh phdq ixqfwlrq H^\ om[ @ {` lv sduderolf1 Wkh sdudphwulf ixqfwlrq lv
vshflhg dv olqhdu1 Gdwd rq ;3 revhuydwlrqv duh dydlodeoh/ ri zklfk 73 sduwlflsdwhg lq surjudpph
u dqg wkh uhpdlqlqj 73 sduwlflsdwhg lq dq| rwkhu surjudpph1 Wkh revhuyhg +\ o
￿ >[ ￿, sdluv ri wkh
sduwlflsdqwv duh pdunhg e| . vljqv/ wkh sdluv +\ o
￿ >[ ￿, ri wkh qrq0sduwlflsdqwv duh pdunhg e| flufohv1
Qrwlfh wkdw wkh frxqwhuidfwxdo rxwfrph \ o
￿ ri wkh qrq0sduwlflsdqwv lv xqrevhuydeoh dqg rqo| vkrzq iru
looxvwudwlrq1 Wkh ghqvlw| pdvv ri [ ri wkh sduwlflsdqwv olhv wr wkh ohiw ri wkdw ri wkh qrq0sduwlflsdqwv1
44W k hw u x hp h d qH\ o lv 3198/ zklfk frxog eh hvwlpdwhg qrqsdudphwulfdoo|1 Hvwlpdwlqj wkh sxuho|
sdudphwulf prgho/ h1j1 e| ROV/ rq edvlv ri wkh revhuyhg rxwfrphv ri wkh sduwlflsdqwv |lhogv wkh vrolg
uhjuhvvlrq olqh1 Hvwlpdwlqj wkh vhplsdudphwulf prgho/ zklfk lqfoxghv wkh lqirupdwlrq rq dyhudjh
srwhqwldo rxwfrphv/ jlyhv wkh gdvkhg uhjuhvvlrq olqh1 Lq wkh uljkw slfwxuh ri Iljxuh 614 wkh frqglwlrqdo
eldv eo+{,@H^\ o ko+{>a 
o
,m[ @ {` dv d ixqfwlrq ri { lv glvsod|hg1 Dv h{shfwhg/ wkh ROV uhjuhvvlrq
olqh dssur{lpdwhv wkh wuxh phdq ixqfwlrq ehwwhu lq uhjlrqv zkhuh wkh sduwlflsdqwv duh frqfhqwudwhg/
exw ghsduwv vhulrxvo| iurp wkh wuxh phdq ixqfwlrq iru { odujh1 Wkh JPP uhjuhvvlrq olqh vwd|v rq




dv d fulwhulrq ri dssur{lpdwlrq txdolw| lv vljqlfdqwo| orzhu iru wkh JPP uhjuhvvlrq olqh
wkdq iru wkh ROV uhjuhvvlrq olqh1
Dvvhvvlqj wkh txdolw| ri wkh dssur{lpdwlrq e| h{shfwhg vtxduhg eldv zlwk uhvshfw wr wkh glvwulexwlrq
ri [ lq wkh zkroh srsxodwlrq dsshduv vhqvleoh/ dv wkh srwhqwldo rxwfrphv vkdoo eh suhglfwhg iru dq|
lqglylgxdo gudzq udqgrpo| iurp wkh srsxodwlrq wr vhohfw d vxlwhg surjudpph1 Krzhyhu/ dowkrxjk
lqwxlwlyh/ d jhqhudo surri ri wkh vxshulrulw| ri wkh vhplsdudphwulf prgho wr wkh sxuho| sdudphwulf prgho
vhhpv gl!fxow dqg vkdoo eh ghyhorshg lq ixwxuh uhvhdufk143 Reylrxvo| vxevwdqwldo jdlqv lq h!flhqf| ru
dssur{lpdwlrq txdolw| fdq rqo| eh h{shfwhg/ li wkh ghqvlw| glvwulexwlrqv if+{, dqg if￿(’o+{, glhu/
vlqfh dq hvwlpdwru edvhg rq wkh sxuho| sdudphwulf prgho vhhnv wr plqlpl}h phdq vtxduhg huuru zlwk
uhvshfw wr if￿(’o+{,/z k l o hif+{, zrxog eh wkh uhohydqw zhljkwlqj ixqfwlrq1 Wkhq wkh dyhudjh rxwfrph
suhglfwhg e| wkh sdudphwulf prgho xvxdoo| zloo glhu iurp wkh wuxh phdq H\ o1 Khqfh/ dowkrxjk wkh
sdudphwulf dssur{lpdwlrq zloo lq prvw fdvhv eh pruh suhflvh iru wkh sduwlflsdqwv lq surjudpph u/
lw zloo rq dyhudjh eh eldvhg dqg pljkw eh xquholdeoh iru { ydoxhv zkhuh wkh ghqvlw| if￿(’o+{, ri
wkh sduwlflsdqwv lv vpdoo1 Lq wklv vhqvh lw lv vxvshfwhg/ wkdw lqfoxglqj qrqsdudphwulf hvwlpdwhv ri
dyhudjh h{shfwhg rxwfrphv H\ o iru ydulrxv vxesrsxodwlrqv dv dgglwlrqdo lqirupdwlrq zloo lpsuryh wkh
dssur{lpdwlrq wr wkh wuxh frqglwlrqdo phdq ixqfwlrq1 Dv vxfk wkh vhplsdudphwulf JPP hvwlpdwru
vkrxog eh pruh urexvw wr plvvshflfdwlrq wkdq dq hvwlpdwru edvhg rqo| rq wkh sdudphwulf prgho1
7 Fkrrvlqj wkh rswlpdo surjudpph
Diwhu vdwlvidfwru| vshflfdwlrqv ri wkh ixqfwlrqv ko+, kdyh ehhq irxqg dqg wkh frh!flhqwv o kdyh
ehhq hvwlpdwhg/ wkh h{shfwhg srwhqwldo rxwfrphv fdq eh hvwlpdwhg iru d sduwlfxodu shuvrq zlwk fkdu0
dfwhulvwlfv { dv
a \ o+{,@ a H^\ om[ @ {`@ko+{>a 
o
, ;u 5i 4==Uj1 +48,
Vlqfh wkh a 
o
duh dv|pswrwlfdoo| qrupdo zlwk nqrzq fryduldqfh pdwulfhv dqg xqfruuhodwhg dprqj hdfk
rwkhu wkh dssur{lpdwh glvwulexwlrq ri a \ o+{, iru jlyhq { fdq hdvlo| eh vlpxodwhg1
Iru ghwhuplqlqj wkh rswlpdo surjudpph uW @ dujpd{x+\ o+{,, frqvlghu uvw wkh fdvh zkhuh hlwkhu
wkh xwlolw| ixqfwlrq lv nqrzq/ h1j1 d zhljkwlqj ixqfwlrq dvvljqlqj glhuhqw zhljkwv wr wkh Y frpsrqhqwv
ri wkh srwhqwldo rxwfrph yhfwru/ ru zkhuh wkh srwhqwldo rxwfrph yhfwru lv d vfdodu udqgrp yduldeoh/
l1h1 Y @4 / dqg lw lv nqrzq wkdw wkh xwlolw| ixqfwlrq lv prqrwrqh1 Wkhq wkh suredelolw| wkdw d fhuwdlq




























43Qrwlfh wkdw lw lv idluo| hdv| wr vkrz wkdw devroxwh dyhudjh eldv .K
oE% zloo xvxdoo| eh vpdoohu zlwk wkh vhplsdudphwulf
prgho wkdq zlwk wkh sdudphwulf prgho1 Krzhyhu/ dyhudjh xqeldvhgqhvv ri wkh hvwlpdwhg srwhqwldo rxwfrphv lv ri olplwhg
sudfwlfdo xvh/ li dq dghtxdwh surjudpph qhhgv wr eh fkrrvhq iru d sduwlfxodu shuvrq/ vlqfh dyhudjh xqeldvhgqhvv frxog
dovr eh dfklhyhg zlwk odujh srvlwlyh eldvhv iru vrph % ydoxhv dqg odujh qhjdwlyh eldvhv iru rwkhu % ydoxhv1
45Li iru lqvwdqfh a \ o+{, fdq eh dssur{lpdwhg dv pxowlyduldwh qrupdo dqg li wkh xwlolw| ixqfwlrq lv d
olqhdu zhljkwlqj ixqfwlrq wkhq +49, fruuhvsrqgv wr wkh suredelolwlhv ri wkh olnholkrrg ixqfwlrq ri d
pxowlqrpldo surelw prgho1 Wkxv wkh grplqdqfh suredelolw| wkdw surjudpph u l vw k he h v ws u r j u d p p h
jlyhq fkdudfwhulvwlfv { fdq uhdglo| eh frpsxwhg iru doo surjudpphv1 D whvw zkhwkhu surjudpph u lv
rswlpdo dw wkh vljqlfdqfh ohyho  fruuhvsrqgv wr wkh grplqdqfh suredelolw| ri surjudpph u ehlqj
odujhu ru htxdo wr 4  1
Iru odujhu qxpehuv ri dydlodeoh surjudpphv U lw zloo riwhq eh wkh fdvh wkdw qr surjudpph grpl0
qdwhv doo rwkhu zlwk kljk suredelolw|/ exw wkdw d vhpl0rughulqj lqwr ehvw/ lqwhuphgldwh/ dqg zruvw sur0
judpphv lv srvvleoh1 Wkh vxevhw ri ehvw surjudpphv mrlqwo| grplqdwhv doo rwkhu surjudpphv zlwk
kljk suredelolw|/ exw dprqj wkhvh ehvw surjudpphv qr vwdwlvwlfdoo| vljqlfdqw rughulqj lv srvvleoh1
Vxfk d foxvwhulqj ri surjudpphv lv dffrpsolvkhg e| pxowlsoh0frpsdulvrqv0zlwk0wkh0ehvw +PFE, whfk0
qltxhv +Kruudfh dqg Vfkplgw +4<<9,/ Kvx +4<<9,,/ zklfk duh qrw ixuwkhu frqvlghuhg lq wklv sdshu1
L qw k hf d v hz k h u hw k hx w l o l w |i x q f w l r qx lv xqnqrzq lw pljkw eh ehvw wr gluhfwo| surylgh wkh ghflvlrq
pdnhu zlwk wkh hvwlpdwlrq uhvxowv/ h1j1 lq wkh irup ri Wdeoh 7141 Wklv wdeoh glvsod|v <8( frqghqfh
lqwhuydov ri wkh hvwlpdwhg srwhqwldo rxwfrphv iru d jlyhq shuvrq iru Y @5rxwfrph yduldeohv dqg
U @6dydlodeoh surjudpphv1 Wkh <8( frqghqfh lqwhuydov surylgh wkh ghflvlrq pdnhu zlwk vrph
lqglfdwlrq ri wkh hvwlpdwlrq suhflvlrq1 Dowkrxjk ghwhuplqlqj wkh rswlpdo surjudpph zloo lq prvw
fdvhv eh lpsrvvleoh zlwkrxw hqjdjlqj lq ydoxlqj wkh glhuhqw rxwfrph yduldeohv44/ vwloo ydulrxv irupv
ri grplqdqfh uhodwlrqvklsv fdq eh ghulyhg/ li wkh xwlolw| ixqfwlrq lv prqrwrqh lq doo dujxphqwv dqg lw
lv nqrzq iru doo rxwfrph yduldeohv zkhwkhu xwlolw| lv qrqghfuhdvlqj ru qrqlqfuhdvlqj lq wklv yduldeoh1
Iru hdfk ri wkh Y rxwfrph yduldeohv vhsdudwho|/ h1j1 hdfk urz lq Wdeoh 714/ wkh ehvw dqg wkh zruvw
surjudpphv fdq eh ghwhuplqhg dv ghvfulehg deryh1 Ixuwkhupruh/ suredelolwlhv fdq eh ghulyhg wkdw
d fhuwdlq surjudpph u grplqdwhv dqrwkhu surjudpph v mrlqwo| lq doo rxwfrph yduldeohv/ zklfk lv
vlpso| su

a \ o+{,  a \ r+{,

li wkh xwlolw| ixqfwlrq lv qrqghfuhdvlqj lq doo dujxphqwv1 Djdlq/ li wklv
suredelolw| uhdfkhv 4   lpsolhv wkdw surjudpph u vwdwlvwlfdoo| vljqlfdqwo| grplqdwhv surjudpph
v1 Dqdorjrxvo|/ wklv grplqdqfh frqfhsw fdq eh h{whqghg wr mrlqw grplqdqfh ri surjudpph u ryhu d
vhw ri surjudpphv v dqg li surjudpph u mrlqwo| grplqdwhv doo rwkhu surjudpphv vljqlfdqwo| wkhq
surjudpph u fdq eh ghfoduhg dv wkh rswlpdo surjudpph zlwkrxw nqrzlqj wkh h{dfw irup ri wkh xwlolw|
ixqfwlrq1
Wdeoh 714= H{shfwhg srwhqwldo rxwfrphv iru d sduwlfxodu lqglylgxdo
Surjudpph 4 Surjudpph 5 Surjudpph 6
Uh0hpsor|phqw fkdqfhv 31450314; 31430314< 314;03155
Surjudpph frvwv <430<<3 <30<8 98309:3
Qrwh= Hqwulhv uhihu wr <8( frqghqfh lqwhuydov1
44Iru lqvwdqfh/ krz pxfk zhljkw lv sodfhg rq surjudpph frvwv fhuwdlqo| ghshqgv rq zkr lv ehdulqj wkh frvw1 Iru d
glvfxvvlrq zk| wkh vwdwlvwlfldq vkrxog surylgh glvdjjuhjdwh lqirupdwlrq dqg vkrxog qrw djjuhjdwh doo wkhvh lqirupdwlrq
lqwr d vlqjoh qxpehu/ dv lq d frvw0ehqhw dqdo|vlv/ vhh iru lqvwdqfh Prku +4<<<,1 Ixuwkhupruh wkh ghflvlrq pdnhu pljkw
kdyh dgglwlrqdo lqirupdwlrq derxw wkh fkdudfwhulvwlfv ri wkh lqglylgxdo idflqj wuhdwphqw zklfk glg qrw hqwhu lqwr wkh
vwdwlvwlfdo v|vwhp1 Lqfrusrudwlqj wklv vxssohphqwdu| lqirupdwlrq lqwr wkh ghflvlrq pdnlqj zloo eh hdvlhu zlwk glvdjjuhjdwh
lqirupdwlrq wkdq zlwk djjuhjdwhg uhvxowv1 Hvshfldoo| lq wkh fdvh ri +sduwldo, vhoi0vhohfwlrq/ zkhuh wkh lqglylgxdo nqrzv
ehvw derxw khu xqrevhuyhg fkdudfwhulvwlfv/ glvdjjuhjdwh lqirupdwlrq lv frqvwuxfwlyh wr frpsohphqw shuvrqdo nqrzohgjh
zlwk vwdwlvwlfdo uhfrpphqgdwlrqv rq edvlv ri revhuyhg fryduldwhv1 Wklv pljkw dovr surylgh lqfhqwlyhv iru lqglylgxdov wr
uhyhdo wkhlu fkdudfwhulvwlfv wuxwkixoo| wr eh deoh wr rewdlq ehwwhu vwdwlvwlfdo lqirupdwlrq iru wkhlu shuvrqdo ghflvlrq pdnlqj1
468 Dssolfdwlrq wr Vzhglvk Uhkdelolwdwlrq Surjudpphv
Lq wklv vhfwlrq wkh Vzhglvk uhkdelolwdwlrq srolf| lv eulh | h{dplqhg/ rswlpdo fkrlfhv ri uhkdelolwdwlrq
surjudpphv duh hoderudwhg/ dqg lw lv dvvhvvhg/ wr zklfk ghjuhh wkh fxuuhqw sduwlflsdqwv0wr0surjudpph
vhohfwlrq zdv h!flhqw1 Krzhyhu/ lw vkrxog eh phqwlrqhg lq dgydqfh wkdw gxh wr olplwhg vdpsoh vl}h rqo|
d yhu| eurdg fdwhjrul}dwlrq ri uhkdelolwdwlrq surjudpphv lv ihdvleoh/ vxfk wkdw srolf| uhfrpphqgdwlrqv
zloo vwd| udwkhu jhqhudo1
Wkh Vzhglvk uhkdelolwdwlrq srolf| glvwlqjxlvkhv ehwzhhq yrfdwlrqdo dqg qrq0yrfdwlrqdo uh0
kdelolwdwlrq dqg lv gluhfwhg wrzdugv lqglylgxdov zlwk uhgxfhg zrun fdsdflw| gxh wr orqj0whup
vlfnqhvv ri dw ohdvw rqh prqwk1 Qrq0yrfdwlrqdo uhkdelolwdwlrq frqwdlqv phglfdo uhkdelolwdwlrq dv
zhoo dv vrfldo surjudpphv iru lqglylgxdov zlwk dofrkro/ guxj ru sv|fkldwulf sureohpv dqg lqwhqgv wr
uh0hvwdeolvk lqghshqghqf| ri wkh vlfn lqglylgxdo iurp phglfdo ru wkhudshxwlfdo dvvlvwdqfh1 Yrfdwlrqdo
uhkdelolwdwlrq frqvlvwv ri zrunsodfh wudlqlqj dqg rffxsdwlrq0uhodwhg hgxfdwlrqdo phdvxuhv dqg dlpv dw
uhvwrulqj orvw zrunlqj fdsdflw| dqg irvwhulqj lqghshqghqfh ri qdqfldo vrfldo dvvlvwdqfh1 Wkh Vzhglvk
Qdwlrqdo Vrfldo Lqvxudqfh Erdug lv uhvsrqvleoh iru wkh fr0ruglqdwlrq ri yrfdwlrqdo uhkdelolwdwlyh
phdvxuhv dqg judqwv wkhp rqo| li uhfryhu| zlwklq ohvv wkdq d |hdu lv h{shfwhg dqg wkh uhfryhuhg
zrun0fdsdflw| vhhpv hfrqrplfdoo| ydoxdeoh wr wkh Vzhglvk oderxu pdunhw145 Lq 4<<7 d uhwurvshfwlyh
vxuyh| ri derxw :8*333 orqj0whup vlfnqhvv fdvhv ehwzhhq 4<<4 wr 4<<7 kdv ehhq frqgxfwhg e| wkh
Vzhglvk Qdwlrqdo Vrfldo Lqvxudqfh Erdug ri zklfk Q @ 95;: revhuydwlrqv lq Zhvwhuq Vzhghq kdyh
ehhq vhohfwhg1 D ixoo ghvfulswlrq ri wkh uhohydqw lqvwlwxwlrqv/ wkh gdwdvhw/ dqg wkh mxvwlfdwlrq ri wkh
frqglwlrqdo lqghshqghqfh dvvxpswlrq lv irxqg lq wkh hydoxdwlrq vwxg| Iuùolfk/ Khvkpdwl/ dqg Ohfkqhu
+5333d,1 Lq wkdw vwxg| wkh uhkdelolwdwlyh phdvxuhv zhuh jurxshg lqwr wkh vl{ fdwhjrulhv sdvvlyh/
zrunsodfh/ hgxfdwlrqdo/ phglfdo/ vrfldo/ dqg qr uhkdelolwdwlrq/ dqg wkh hhfwv ri uhkdelolwdwlrq rq
wkh wzr rxwfrph yduldeohv uh0hpsor|phqw dqg uh0lqwhjudwlrq lqwr wkh oderxu irufh zhuh hvwlpdwhg1
Lq jhqhudo qr srvlwlyh dyhudjh wuhdwphqw hhfwv ri uhkdelolwdwlrq zhuh irxqg/ exw vrphwlphv hyhq
qhjdwlyh hhfwv/ sduwlfxoduo| ri hgxfdwlrqdo uhkdelolwdwlrq1
Vlqfh wkh fdwhjrulhv sdvvlyh/ hgxfdwlrqdo/ dqg vrfldo frqwdlqhg rqo| udwkhu ihz sduwlflsdqwv/
wkh uhkdelolwdwlrq surjudpphv duh vxppdulvhg khuh lqwr rqo| wkuhh fdwhjrulhv= Qr uhkdelolwdwlrq/
yrfdwlrqdo uhkdelolwdwlrq +YU,/d q gqrq0yrfdwlrqdo uhkdelolwdwlrq +QYU,146 Qrwlfh wkdw zlwklq wkhvh
fdwhjrulhv surjudpph khwhurjhqhlw| lv vwloo vxevwdqwldo/ h1j1 zrunsodfh wudlqlqj dsshduhg wr eh
pxfk pruh vxffhvvixo wkdq hgxfdwlrqdo uhkdelolwdwlrq lq Iuùolfk/ Khvkpdwl/ dqg Ohfkqhu +5333d/
e,1 Frqfhqwudwlqj rq d vlqjoh rxwfrph yduldeoh uh0hpsor|phqw dw wkh hqg ri wkh vlfnqhvv vshoo/
lq d uvw vwhs wkh h{shfwhg srwhqwldo rxwfrphv frqglwlrqdo rq revhuyhg fkdudfwhulvwlfv vkdoo eh
hvwlpdwhg1 Wdeoh 814 jlyhv wkh qxpehu ri sduwlflsdqwv lq wkh wkuhh uhkdelolwdwlrq jurxsv dqg wkh
vkduh ri sduwlflsdqwv zkr hqjdjhg lq uhjxodu hpsor|phqw dw wkh hqg ri wkhlu vlfnqhvv vshoo1 Wkhvh
xqdgmxvwhg uh0hpsor|phqw vkduhv surylgh d uvw lpsuhvvlrq ri wkh pdjqlwxgh ri uh0hpsor|phqw
diwhu orqj0whup vlfnqhvv/ dqg uhsuhvhqw wkh jurvv vxffhvv udwh ri wkh uhkdelolwdwlrq surjudpphv
qrw wdnlqj lqwr dffrxqw wkdw wkh fkdudfwhulvwlfv ri wkh sduwlflsdqwv glhu vxevwdqwldoo| dprqj wkh
surjudpphv1 Rq wklv dffrxqw derxw 79( ri doo orqj0whup vlfn dfklhyh uh0hpsor|phqw diwhu vlfnqhvv1
Wkh hpsor|phqw udwh lv orzhu iru wkh sduwlflsdqwv lq yrfdwlrqdo uhkdelolwdwlrq +791:(, wkdq iru
wkh qrq0sduwlflsdqwv +7;16(,/ dqg ri wkh sduwlflsdqwv lq qrq0yrfdwlrqdo uhkdelolwdwlrq rqo| 7318(
hqfrxqwhuhg uh0hpsor|phqw1 Krzhyhu/ vxfk jxuhv pljkw eh h{shfwhg li wkh lqglylgxdov sduwlflsdwlqj
lq uhkdelolwdwlrq jhqhudoo| idfh srruhu oderxu pdunhw survshfwv1 Wkxv/ Wdeoh 814 pljkw glvsod| phuho|
45Iru lqvwdqfh/ li wkh vlfn lqglylgxdo zdv rffxslhg lq d ghfolqlqj vhfwru dqg vxffhvvixo uh0wudlqlqj wr d glhuhqw vhfwru
vhhpv lpsuredeoh/ wkhq yrfdwlrqdo phdvxuhv duh ghqlhg1
46Wkhvh jurxsv fruuhvsrqg wr Iuùolfk/ Khvkpdwl/ dqg Ohfkqhu +5333d, dv iroorzv= Qr uhkdelolwdwlrq +frqwdlqv dovr wkh
sdvvlyh uhkdelolwdwlrq surjudpphv,/ yrfdwlrqdo uhkdelolwdwlrq +frqwdlqv zrunsodfh dqg hgxfdwlrqdo uhkdelolwdwlrq,/ dqg
qrq0yrfdwlrqdo uhkdelolwdwlrq +frqwdlqv phglfdo dqg vrfldo surjudpphv,1
47vhohfwlrq hhfwv dqg lq sduwlfxodu grhv qrw surylgh dq| lqirupdwlrq derxw zklfk ri wkhvh surjudpphv
duh uhfrpphqgdeoh iru d sduwlfxodu shuvrq147
Wdeoh 814= Qxpehu ri revhuydwlrqv dqg xqdgmxvwhg uh0hpsor|phqw vkduhv
Doo Qrqh Yrfdwlrqdo Qrq0yrfdwlrqdo
&R e v h u y d w l r q v 95;: 6835 47:; 463:
Uh0hpsor|phqw 7916 7;16 791: 7318
Qrwh= Vkduh ri wudqvlwlrqv wr hpsor|phqw ri doo vlfnqhvv fdvhv +lq (,1
Wr hvwlpdwh wkh elqdu| rxwfrphv \ o wkh uhjuhvvlrq fxuyh lv sdudphwulfdoo| vshflhg dv d surelw
zlwk glhuhqw frh!flhqwv iru hdfk ri wkh wkuhh srwhqwldo rxwfrphv=
H^\ ￿J?em[ @ {`@ k￿J?e+{>￿J,@  + {￿￿J,
H^\ T-m[ @ {`@ kT-+{>T-,@  + {￿T-,
H^\ ￿T-m[ @ {`@ k￿T-+{>￿T-,@  + {￿￿T-,
+4:,













￿wo￿￿ [￿  4+G￿ @ u,

+[￿,  +[￿
￿o,  a po
Tu+a so+[￿,,

 4+[￿ 5 a Vo,

> +4;,
zlwk u @ iQrqh> Y U> QY Uj1 Wkh xsshu sduw ri +4;, fruuhvsrqgv wr wkh sdudphwulf vshflfdwlrq +4:,
zkloh wkh orzhu sduw hqvxuhv wkdw wkh hvwlpdwhg frh!flhqwv ri wkh sdudphwulf prgho duh lq olqh zlwk
qrqsdudphwulfdoo| hvwlpdwhg dyhudjh rxwfrphv iru ydulrxv vxesrsxodwlrqv1 Vlqfh e| Ohppd 6 dqg
Wkhruhp 5 wkh prphqw yhfwruv jo
? duh xqfruuhodwhg dqg dv|pswrwlfdoo| qrupdo/ wkh wkuhh srwhqwldo
rxwfrph uhodwlrqvklsv fdq eh hvwlpdwhg e| vhsdudwh JPP hvwlpdwruv1
Suholplqdu| hvwlpdwhv ri a so+{,/ a po
Tu+s, dqg a Vo+{, duh uhtxluhg iru +4;,/ zklfk duh frqwdlqhg
lq Dsshqgl{ E1 Wkh sduwlflsdwlrq suredelolwlhv so+, duh hvwlpdwhg e| pd{lpxp olnholkrrg xvlqj d
 h{leoh pxowlqrpldo surelw prgho/ zlwk qr uhkdelolwdwlrq dv wkh uhihuhqfh jurxs148 Wdeoh E14 vkrzv
wkh hvwlpdwhg frh!flhqwv iurp zklfk wkh hvwlpdwhg sduwlflsdwlrq suredelolwlhv a so duh frpsxwhg iru
hdfk revhuydwlrq1 Wdeoh E15 surylghv wkh fruuhodwlrq frh!flhqwv ehwzhhq wkhvh hvwlpdwhg sduwlflsdwlrq
suredelolwlhv/ dqg Iljxuh E14 glvsod|v wkh glvwulexwlrq ri wkhvh suredelolwlhv1 Qrq0sduwlflsdwlrq dqg
sduwlflsdwlrq lq uhkdelolwdwlrq surjudpphv duh qhjdwlyho| fruuhodwhg/ zkloh wkh surshqvlw| wr yrfdwlrqdo
ru qrq0yrfdwlrqdo uhkdelolwdwlrq duh doprvw xqfruuhodwhg1 Wkh vxssruw uhjlrqv Vo+{, duh dssur{lpdwhg
e| wkh vxssruwv ri wkh hvwlpdwhg sduwlflsdwlrq suredelolwlhv a so dqg duh gholplwhg e| wkh plqlpxp dqg
wkh pd{lpxp ri wkh hvwlpdwhg sduwlflsdwlrq suredelolwlhv lq wkh uhvshfwlyh wuhdwphqw jurxsv +Wdeoh
E16 lq wkh dsshqgl{,1 Wdeoh E16 dovr vkrzv wkdw doprvw doo revhuydwlrqv olh zlwklq wkh hvwlpdwhg
vxssruwv a Vo1
Zlwk wkhvh hvwlpdwhg sduwlflsdwlrq suredelolwlhv wkh uhjuhvvlrq fxuyhv po+so,@H^\ omso`@
H^\ omso>G@ u` duh qrqsdudphwulfdoo| hvwlpdwhg1 Xvlqj rqo| wkh revhuydwlrqv zklfk sduwlflsdwhg lq
47Lw vkrxog eh phqwlrqhg wkdw dprqj wkh yrfdwlrqdo uhkdelolwdwlrq surjudpphv zrunsodfh wudlqlqj lv vxevwdqwldoo|
vxshulru wr hgxfdwlrqdo surjudpphv +Iuùolfk/ Khvkpdwl/ dqg Ohfkqhu 5333d,1
48Wkh pxowlqrpldo surelw prgho lv kljko|  h{leoh dprqj glvfuhwh fkrlfh prghov dqg sduwlfxoduo| grhv qrw klqjh rq wkh
Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyh dvvxpswlrqv/ dv h1j1 wkh pxowlqrpldo orjlw prgho grhv1 Lw lv hvwlpdwhg e| zhljkwhg
vlpxodwhg pd{lpxp olnholkrrg xvlqj wkh JKN vlpxodwru iru vlpxodwlqj wkh pxowlyduldwh qrupdo glvwulexwlrq ixqfwlrq/
zlwk 733 udqgrp qxpehuv iru hdfk revhuydwlrq dqg hdfk fkrlfh htxdwlrq +vhh Eùuvfk0Vxsdq dqg Kdmlydvvlolrx 4<<6,1
Xvlqj vlpxodwruv iru wkh pxowlyduldwh f1g1i1 lv qrw vwulfwo| qhfhvvdu| zlwk rqo| wkuhh fkrlfh dowhuqdwlyhv/ exw zrxog
ehfrph hvvhqwldo zhuh wkh uhkdelolwdwlrq surjudpphv jurxshg lqwr pruh wkdq 7 fdwhjrulhv1
48surjudpph u/ wkhlu revhuyhg rxwfrphv \ o duh uhjuhvvhg rq wkhlu hvwlpdwhg sduwlflsdwlrq suredelolwlhv
so e| Qdgdud|d0Zdwvrq nhuqho hvwlpdwru1 Wkhvh uhjuhvvlrq fxuyhv duh dovr hvwlpdwhg iru ydulrxv
vxesrsxodwlrqv +Wdeoh 815,/ zkhuh po

















 ,+[￿,  4+G￿ @ u,
zkhuh N lv d v|pphwulf zhljkw ixqfwlrq49 dqg k lv d edqgzlgwk sdudphwhu1 Wkh edqgzlgwk k lv
fkrvhq e| shqdolvhg furvv0ydolgdwlrq/ zklfk shuiruphg ehvw lq d vlpxodwlrq vwxg| ri Iuùolfk +5333,14:
Lq Iljxuh E15 wkh hvwlpdwhg a po
,+a so, duh sorwwhg zlwklq wkhlu uhvshfwlyh vxssruw uhjlrqv1
Iru looxvwudwlrq wkh qrqsdudphwulfdoo| hvwlpdwhg dyhudjh srwhqwldo rxwfrphv duh glvsod|hg lq Wdeoh
815/ zklfk duh frpsxwhg dv
a H7o ^\ om,+[,@4 `@
S
a po
,+a so+[￿,,  ,+[￿,  4+[￿ 5 a Vo,
S
,+[￿,  4+[￿ 5 a Vo,
/ +4<,
xvlqj wkh uhvxowv ri +BB,1 Wkhvh dyhudjh srwhqwldo rxwfrphv lqglfdwh wkdw iru prvw vxesrsxodwlrqv qr0
uhkdelolwdwlrq lv wkh vxshulru wuhdwphqw dqg/ qrw vxusulvlqjo|/ qrq0yrfdwlrqdo uhkdelolwdwlrq wkh zruvw
lq uh0lqwhjudwlqj orqj0whup vlfn lqwr wkh oderxu pdunhw1 Wklv udqnlqj/ krzhyhu/ pljkw qrw eh wuxh iru
wkrvh lq qhhg ri yrfdwlrqdo uhkdelolwdwlrq/ iru wkrvh zkr kdyh ehhq vlfn iru pruh wkdq 93 gd|v lq wkh
suhylrxv vl{ prqwkv/ dqg iru wkh djh jurxs 69078 |hduv1
Wdeoh 815= Qrqsdudphwulfdoo| hvwlpdwhg dyhudjh rxwfrphv iru vhohfwhg vxesrsxodwlrqv
Srsxodwlrq Revhuydwlrqv a H\ ￿J?e a H\ T JS@|￿J?@, a H\ ￿J?3T-
Doo 955: 7:14 7814 7319
Hpsor|hg 8339 8:13 8515 8318
Phq 5;4< 7:19 7617 7313
Djh 79088 5593 7:1: 781< 7316
Pdqxidfwxulqj 4<:7 8318 7619 7517
Uhkdelolwdwlrq qhhghg 4<<9 6916 7914 6:19
Çoyverujvoçq 5<<; 7;1< 7818 7519
Yçupodqgvoçq 4<45 8519 7;15 7417
Suhylrxvo| orqj0whup vlfn 4:93 771; 8319 6517
Uxudo frppxqlw| 4683 7819 7314 7417
Djh 69078 4674 6913 6918 591;
Qrwh= Hvwlpdwhg phdq rxwfrphv iru ydulrxv vxesrsxodwlrqv zlwklq wkh vxssruw 	 7
o1 Qxpehu ri revhuyd0





, /r u	 7
￿T-
, / uhvshfwlyho|1 Uhkdelolwdwlrq qhhghg uhihuv wr wkh qrq0phglfdo YU uhfrpphqgdwlrq= YU
qhhghg dqg ghqhg +lq Wdeoh E14,1
Zlwk a po
Tu+s, dqg a Vo hvwlpdwhg wkh JPP hvwlpdwru fdq eh hpsor|hg wr hvwlpdwh wkh frh!flhqwv
￿J/ T-/ ￿T- ri wkh wkuhh srwhqwldo rxwfrph uhodwlrqvklsv1 Wkh iroorzlqj uhvxowv duh suholplqdu|






d3￿c￿oE lv dozd|v hpsor|hg ehfdxvh ri lwv
rswlpdolw| surshuwlhv +Idq/ Jdvvhu/ Jlmehov/ Eurfnpdqq/ dqg Hqjho 4<<:,1
4:Wkh Dndlnh shqdolvhg furvv ydolgdwlrq vhohfwru fkrrvhv wkh edqgzlgwk zklfk plqlplvhv TE'
S
Et￿ 3 	 6E	 REf￿u
i TE2*? +Sdjdq dqg Xoodk 4<<</ s1 44<,1 Lq wkh vlpxodwlrqv ri Iuùolfk +5333, d orfdo olqhdu yduldqw ri Vhlihuw dqg Jdvvhu
+4<<9/ 5333, dfwxdoo| wxuqhg rxw wr eh pruh suhflvh lq vpdoo vdpsohv wkdq wkh nhuqho ru orfdo olqhdu hvwlpdwru/ zkloh
orfdo olqhdu uhjuhvvlrq zdv sduwlfxoduo| glvdssrlqwlqj dqg shuiruphg riwhq hyhq zruvh wkdq rqh0wr0rqh sdlu pdwfklqj1
Krzhyhu/ vlqfh lw zrxog frpsolfdwh wkh hvwlpdwlrq ri wkh JPP fryduldqfh pdwul{/ lw lv qrw lpsohphqwhg khuh1
49dqg h{hpsodu| dqg zloo eh uhsodfhg vrrq1 Doo wkuhh rxwfrph htxdwlrqv k￿J?e/ kT-/ k￿T- frqwdlq wkh
vdph 8 h{sodqdwru| yduldeohv +soxv frqvwdqw, dqg 9 htxdolw| prphqwv/ fruuhvsrqglqj wr wkh uvw vl{
srsxodwlrqv lq Wdeoh 815/ duh lqfoxghg lq wkh JPP hvwlpdwlrq1 Dffruglqjo| wkh qxpehu ri prphqwv
lq +43, lv 45 dqg wkh qxpehu ri ryhulghqwli|lqj uhvwulfwlrqv lv 91 Wkh h{sodqdwru| yduldeohv duh jhqghu/
suhylrxvo| hpsor|hg/ suhylrxvo| orqj0whup vlfn/ vlfnqhvv ghjuhh 433(/ dqg phglfdo gldjqrvlv lv lqmxu|1
Iluvw/ qhjohfwlqj wkh htxdolw| frqglwlrqv dqg uhjuhvvlqj wkh revhuyhg rxwfrphv rq wkh h{sodqdwru|
yduldeohv e| vwdqgdug Surelw surylghv wkh frh!flhqwv o
￿oJK￿| ri wkh sxuho| sdudphwulf prgho dv
vwduwlqj ydoxhv iru wkh 50vwhs JPP +Wdeohv 816d/e/f,1 Wkh JPP hvwlpdwhv o
￿ duh frpsxwhg zlwk





￿,`3￿1 Mo lv frpsxwhg e| irupxod +46, zlwk wkh lq xhqfh ixqfwlrqv o
,cR
vwhpplqj iurp wkh pd{lpxp olnholkrrg hvwlpdwlrq ri wkh sduwlflsdwlrq suredelolwlhv so jlyhq e| +6;,
lq wkh dsshqgl{ dqg wkh lq xhqfh ixqfwlrqv o
,c6 dffruglqj wr wkh Qdgdud|d0Zdwvrq nhuqho uhjuhvvlrq
ri po+so,@H^\ omso` jlyhq e| +6<,1 Wkhvh lq xhqfh ixqfwlrqv wdnh dffrxqw ri wkh dgglwlrqdo yduldqfh
gxh wr wkh hvwlpdwlrq ri wkh h{shfwhg rxwfrph frqglwlrqdo rq wkh hvwlpdwhg sduwlflsdwlrq suredelolw|
dqg qhhg wr eh frpsxwhg iru doo vxesrsxodwlrqv o 5i 4==Oj1 Zlwk wklv hvwlpdwhg h!flhqw zhljkwlqj
pdwul{ a o
￿ J P Pl vu h 0 h v w l p d w h gw rr e w d l qa 
o
2+a o
￿,1 Wr yhuli| wkh lqwhjulw| ri wkh JPP hvwlpdwhv wkh




2,`3￿ dqg vwdqgdug huuruv ri a 
o
2 duh
frpsxwhg dv zhoo zlwk uhvshfw wr a o
￿ dv zlwk uhvshfw wr a o
21
Wdeohv 816d/e/f uhsruw hvwlpdwhg frh!flhqwv dqg vwdqgdug huuruv ri wkh sdudphwulf surelw dqg wkh
vhplsdudphwulf JPP iru wkh wkuhh srwhqwldo rxwfrphv \ ￿J?e/ \ T-/d q g\ ￿T-1 H{fhsw iru jhqghu
dqg vlfnqhvv ghjuhh prvw frh!flhqwv duh vljqlfdqw zlwk w0ydoxhv deryh 51 Wkh uvw vwhs JPP uhvxowv
o
￿ h{klelw d vlplodu sdwwhuq dv wkh surelw hvwlpdwhv o
￿oJK￿|/ zlwk +doprvw, qr vljq fkdqjhv rffxuulqj
ehwzhhq o
￿oJK￿| dqg o
￿1 Wkh vwdqgdug huuruv ri o
￿ duh jhqhudoo| vrphzkdw odujhu wkdq wkrvh ri o
￿oJK￿|1
Lq frqwudvw/ wkh vhfrqg vwhs JPP uhvxowv o
2 duh vxusulvlqjo| doprvw lghqwlfdo wr wkh surelw hvwlpdwhv1
D forvhu h{dplqdwlrq ri wkh hvwlpdwhg zhljkwlqj pdwul{ a o
￿ +qrw uhsruwhg khuh, fodulhg wkh uhdvrqv iru
wklv ehkdylrxu1 Wkh lq xhqfh ixqfwlrqv o
,c6 vwhpplqj iurp wkh qrqsdudphwulf hvwlpdwlrq ri po+so,
lqfuhdvhg wkrvh hohphqwv ri HMoMo￿ fruuhvsrqglqj wr wkh htxdolw| prphqwv ri wkh prphqw yhfwru +43,
gudvwlfdoo|/ zkhuhdv wkh prphqwv dffruglqj wr wkh sdudphwulf prgho duh xqdhfwhg ri wklv/ vhh irupxod
+46,1 Dv d frqvhtxhqfh/ yhu| vpdoo zhljkwv duh sodfhg rq wkh htxdolw| prphqwv lq wkh hvwlpdwh ri wkh
zhljkwlqj pdwul{ ^HMoMo￿`3￿/ ohdglqj wr hvwlpdwhv jryhuqhg e| wkh prphqwv ri wkh sdudphwulf prgho1
Wklv hhfw lv hyhq pruh suhydohqw wkh vpdoohu wkh qxpehu ri revhuyhg sduwlflsdqwv lq surjudpph u1
Lqwhuhvwlqjo|/ wkh lq xhqfh o
,cR ri wkh hvwlpdwlrq ri wkh sduwlflsdwlrq suredelolwlhv kdg rqo| d yhu|
vpdoo lpsdfw rq wkh zhljkwlqj pdwul{ a o
￿ dqg rq wkh JPP uhvxowv a 
o
￿ dqg a 
o
2/ zklfk pljkw kdyh ehhq
h{shfwhg iurp wkh Iljxuhv E15 lq wkh dsshqgl{ zkhuh wkh vorshv ri po+so, duh vpdoo lq prvw fdvhv1
Krzhyhu/ lw lv qrw reylrxv khuh zkhwkhu wkh h!flhqw vhfrqg0vwhs JPP hvwlpdwhv duh suhihudeoh wr wkh
uvw0vwhs JPP hvwlpdwhv1 Dsduw iurp nqrzq qxphulfdo sureohpv zlwk wkh hvwlpdwlrq ri o
￿ zkhq wkh
qxpehu ri ryhulghqwli|lqj uhvwulfwlrqv lv odujh/ wkh zhljkwv dvvljqhg e| o
￿ wr wkh prphqw frqglwlrqv
pd| qrw fruuhvsrqg wr wkh fuhglelolw| zhljkwv/ zklfk wkh hfrqrphwulfldq dwwulexwhv wr wkh sdudphwulf
dqg wkh qrqsdudphwulf prphqwv/ vlqfh wkh zhljkwv o
￿ uh hfw rqo| yduldqfh exw qrw eldv1 Reylrxvo|/
wkh yduldqfh ri wkh sdudphwulf prgho lv orzhu wkdq wkdw ri wkh qrqsdudphwulf hvwlpdwhv dqg li wkh
sdudphwulf prgho lv fruuhfwo| vshflhg o
￿ lv uljkw wr slfn wkh sdudphwulf prgho1 Krzhyhu/ wkh juhdwhu
urexvwqhvv ri wkh qrqsdudphwulf hvwlpdwhv lv qrw lqfrusrudwhg lq o
￿ dqg lq fdvh ri plvvshflfdwlrq ri
wkh sdudphwulf prgho sodflqj doprvw }hur zhljkwv rq wkh htxdolw| frqglwlrqv grhv qrw dsshdu vhqvleoh1





Frqvwdqw 041;: +3143, 041:8 +3148, 041;9 +3143 / 3143,
Pdoh 3143 +3138, 313: +3139, 3145 +3138 / 3138,
Hpsor|hg 41:; +313;, 41:3 +3145, 41:; +313; / 313;,
Suhylrxvo| orqj0whup vlfn 03157 +3139, 0316; +313:, 03158 +3139 / 3139,
Vlfnqhvv ghjuhh 433( 315< +3139, 3154 +313:, 315: +3139 / 3139,
Gldjqrvlv= Lqmxu| 3187 +313:, 31:8 +313;, 3187 +313: / 313:,




￿ duh wkh JPP hvwlpdwhv zlwk
lghqwlw| pdwul{ dv zhljkwlqj pdwul{1 w
￿J?e
2 duh wkh JPP hvwlpdwhv zlwk dv|pswrwlfdoo| h!flhqw
zhljkwlqj pdwul{1 Vwdqgdug huuruv ri wkh JPP hvwlpdwhv duh edvhg rq wkh dv|pswrwlf fryduldqfh
pdwul{1 Wkh fryduldqfh pdwul{ ri w
￿J?e


























Frqvwdqw 04143 +3149, 04147 +315:, 0413< +3149 / 3149,
Pdoh 03139 +313:, 03139 +313;, 03139 +313: / 313:,
Hpsor|hg 4146 +3144, 413< +3148, 4146 +3144 / 3144,
Suhylrxvo| orqj0whup vlfn 03153 +313;, 03148 +313<, 03154 +313; / 313;,
Vlfnqhvv ghjuhh 433( 313: +3145, 314: +314<, 313; +3144 / 3144,
Gldjqrvlv= Lqmxu| 3158 +3143, 3148 +3146, 3157 +3143 / 3143,
Qrwh= Vhh Wdeoh 816d





Frqvwdqw 0419: +314;, 05174 +31::, 0419; +3153 / 314;,
Pdoh 313< +313;, 3135 +3143, 313< +313; / 313;,
Hpsor|hg 41:9 +3148, 515: +3195, 41:: +314: / 3148,
Suhylrxvo| orqj0whup vlfn 03179 +3143, 0317; +3147, 0317; +3143 / 3143,
Vlfnqhvv ghjuhh 433( 0313: +3144, 314< +3159, 0313: +3144 / 3144,
Gldjqrvlv= Lqmxu| 3155 +3144, 3176 +3154, 3154 +3144 / 3144,
Qrwh= Vhh Wdeoh 816d
Wr yhuli| wkh sdudphwulf vshflfdwlrqv Wdeoh 817 suhvhqwv wkh uhvxowv ri wkh M0whvwv iru ryhulghqwl0
i|lqj uhvwulfwlrqv iru wkh uvw dqg wkh vhfrqg vwhs JPP hvwlpdwhv1 Wkh M0whvwv zlwk uhvshfw wr wkh
vhfrqg0vwhs hvwlpdwhv a 
o
2 duh uhsruwhg dv zhoo zlwk uhvshfw wr a o
￿ dv zlwk a o
2/ zklfk vkrxog ohdg wr
vlplodu frqfoxvlrqv1 Iru wkh srwhqwldo rxwfrph lq devhqfh ri dq| uhkdelolwdwlrq \ ￿J?e wkh sdudphwulf
vshflfdwlrq lv fohduo| uhmhfwhg dw wkh 4( ohyho iru a 
￿J?e
￿ dqg a 
￿J?e
2 1 Iru wkh srwhqwldo rxwfrph zlwk
yrfdwlrqdo uhkdelolwdwlrq wkh sdudphwulf vshflfdwlrq fdqqrw eh uhmhfwhg dw wkh 43( ohyho dv zhoo iru
a 
T-
￿ dv iru a 
T-
2 1 Iru qrq0yrfdwlrqdo uhkdelolwdwlrq wkh M0whvw vwurqjo| uhmhfwv zlwk uhvshfw wr a 
￿T-
￿
exw grhv qrw uhmhfw zlwk uhvshfw wr a 
￿T-
2 1 Wklv pljkw lqglfdwh wkdw wkh uvw vwhs JPP hvwlpdwhv
gr qrw vdwlvi| wkh htxdolw| frqglwlrqv exw wkh vhfrqg vwhs hvwlpdwhv gr1 Krzhyhu/ lw pljkw dovr eh
dq lqglfdwlrq wkdw wkh uvw vwhs hvwlpdwhv zlwk wkh lghqwlw| pdwul{ dv zhljkwlqj pdwul{ kdyh vwd|hg
pruh dwwdfkhg wr wkh qrqsdudphwulf dyhudjhv/ exw zlwk a o
￿ dvvljqlqj doprvw doo zhljkw wr wkh sdud0
phwulf prgho wkh lqfrpsdwlelolw| ri wkh uvw vwhs hvwlpdwhv zlwk wkh revhuydwlrqv rq wkh sduwlflsdqwv
lq qrq0yrfdwlrqdo uhkdelolwdwlrq +rq zklfk wkh sdudphwulf prgho lv edvhg, ehfrphv hylghqw1 Iru wkh
vhfrqg vwhs hvwlpdwhv a 
o
2 wklv grhv qrw rffxu/ vlqfh dv zhoo a 
o
2 dv a o
￿ qhduo| ljqruh wkh qrqsdudphwulf
4;hvwlpdwhv dqg wkhuhiruh gr qrw uhmhfw wkh M0whvw1 Ryhudoo wkh M0whvw edvhg rq a 
o
￿ lv suredeo| wkh pruh
uholdeoh lqglfdwru ri wkh sodxvlelolw| ri wkh sdudphwulf vshflfdwlrq1

























2, 66195 8135 9197
9 ghjuhhv ri iuhhgrp1 
2
ES￿ fulwlfdo ydoxhv duh= 43197Ek’f￿￿f￿/
4518<Ek’f￿fD￿/ 47178Ek’f￿2D￿/4 9 1 ; 4 Ek’f￿f￿￿1
Rq wklv dffrxqw lw zrxog dsshdu dgylvdeoh wr vhdufk iru pruh dghtxdwh vshflfdwlrqv ri wkh sr0
whqwldo rxwfrphv \ ￿J?e dqg \ ￿T-1 Wklv lv fxuuhqwo| lq surjuhvv/ wkrxjk iru h{sodqdwru| sxusrvhv L
frqwlqxh zlwk wkh vshflfdwlrq ri Wdeohv 816d/e/f1 Kdylqj irxqg d surshu vshflfdwlrq ri wkh srwhqwldo
rxwfrphv wkh h{shfwhg lqglylgxdo wuhdwphqw rxwfrphv fdq eh frpsxwhg dqg wkh rswlpdo surjudpph
+ru d vhw ri rswlpdo surjudpphv, fdq eh ghwhuplqhg iru dq| lqglylgxdo1 Vlqfh wkh surelw vshflfd0
wlrq lv d vwulfwo| lqfuhdvlqj ixqfwlrq ri lwv dujxphqw {￿o wkh suredelolw| wkdw surjudpph u grplqdwhv













,1 Wkhvh grplqdqfh suredelolwlhv duh frpsxwhg iru doo 95;: lqglylgxdov ri wkh
gdwd vhw dqg Wdeoh 818 jlyhv wkh qxpehu ri lqglylgxdov iru zklfk qr0uhkdelolwdwlrq/ yrfdwlrqdo uhkdelo0
lwdwlrq/ dqg qrq0yrfdwlrqdo uhkdelolwdwlrq/ uhvshfwlyho|/ duh rswlpdo dw wkh vljqlfdqfh ohyho vshflhg
lq wkh uvw froxpq1 Iru lqvwdqfh/ iru 54;: lqglylgxdov wkh k|srwkhvlv wkdw sduwlflsdwlrq lq hlwkhu yr0
fdwlrqdo ru qrq0yrfdwlrqdo uhkdelolwdwlrq zrxog lpsuryh wkhlu uh0hpsor|phqw fkdqfhv fdq eh uhmhfwhg
dw wkh 8( ohyho dqg iru 4;97 lqglylgxdov hyhq dw wkh 4( ohyho1 +Wklv fruuhvsrqgv wr wkhlu grplqdqfh
suredelolwlhv ri qr0uhkdelolwdwlrq ehlqj odujhu ru htxdo wkdq <8( dqg <<(/ uhvshfwlyho|1, Iru voljkwo|
pruh wkdq 4333 lqglylgxdov yrfdwlrqdo uhkdelolwdwlrq lv wkhlu rswlpdo surjudpph dqg qrq0yrfdwlrqdo
uhkdelolwdwlrq lv iru qr0rqh rswlpdo wr irvwhu uh0hpsor|phqw survshfwv dw wkh hqg ri vlfnqhvv vshoo1
Wdeoh 818= Qxpehu ri lqglylgxdov iru
zkrp surjudpph lv rswlpdo
0ohyho Qrqh Yrfdwlrqdo Qrq0YU
53 ( 6;<6 4578 4:9
43 ( 54<9 43;5 3
8( 54;: 4377 3
4( 4;97 4353 3
Wkh fhoo hqwulhv jlyh wkh qxpehu ri wkh 95;: lq0
glylgxdov iru zklfk wkh surjudpph lq wkh uhvshf0
wlyh froxpq lv wkh rswlpdo rqh/ zlwk vljqlfdqfh
ohyho jlyhq lq wkh uvw froxpq1
Zkhq frpsdulqj wkhvh suhglfwhg rswlpdo surjudpphv zlwk wkh wuhdwphqwv dfwxdoo| uhfhlyhg
lw lv irxqg wkdw ri wkh 54;: lqglylgxdov iru zkrp qr0uhkdelolwdwlrq lv rswlpdo dw wkh 8( ohyho
44:7 uhfhlyhg qr uhkdelolwdwlrq/ zkloh 8:7 sduwlflsdwhg lq yrfdwlrqdo dqg 76< lq qrq0yrfdwlrqdo
uhkdelolwdwlrq1 Ri wkrvh 4377 lqglylgxdov iru zkrp yrfdwlrqdo uhkdelolwdwlrq lv rswlpdo 8<< glg qrw
sduwlflsdwh lq uhkdelolwdwlrq/ zkhuhdv 4<6 uhfhlyhg yrfdwlrqdo dqg 585 qrq0yrfdwlrqdo uhkdelolwdwlrq1
Wdnhq wrjhwkhu/ 469: ri wkh 6564 lqglylgxdov iru zkrp d xqltxh rswlpdo surjudpph frxog kdyh
ehhq ghwhuplqhg zlwk kljk suredelolw| uhfhlyhg wkhlu rswlpdo wuhdwphqw/ zkloh 4;97 sduwlflsdwhg lq
d vxe0rswlpdo surjudpph/ lpso|lqj dq h!flhqf| udwlr ri 7516(1 Wklv h!flhqf| udwlr lv yluwxdoo|
lghqwlfdo zkhq ghulyhg dqdorjrxvo| iru wkh 4/ 8/ dqg 53( vljqlfdqfh ohyho/ uhvshfwlyho|1
4<9 Frqfoxvlrqv dqg ixuwkhu uhvhdufk
Wklv sdshu kdv ghyhorshg d qhz vhplsdudphwulf dssurdfk wr ghwhuplqlqj wkh rswlpdo surjudpph
dprqj d qxpehu ri dydlodeoh surjudpphv iru d sduwlfxodu lqglylgxdo/ edvhg rq revhuydwlrqv iurp sdvw
surjudpph sduwlflsdqwv1 Vxfk d vwdwlvwlfdo v|vwhp lv xvhixo lq dw ohdvw wzr uhvshfwv1 Lw fdq eh hpsor|hg
h{ dqwh dv d ghflvlrq vxssruw v|vwhp wr surylgh uhfrpphqgdwlrqv zkhq d sduwlfxodu lqglylgxdo idfhv
wkh fkrlfh ehwzhhq ydulrxv wuhdwphqwv1 Vxfk d v|vwhp fdq dovr eh xvhg h{ srvw wr dvvhvv wkh h!flhqf|
ri wkh vhohfwlrq surfhvv/ zklfk kdg dvvljqhg wkh sdvw surjudpph sduwlflsdqwv wr wkh surjudpphv1
Phdvxulqj wkh ghjuhh wr zklfk lqglylgxdov kdyh uhfhlyhg wkhlu rswlpdo wuhdwphqw frxog eh xwlol}hg
dv d shuirupdqfh lqglfdwru iru prqlwrulqj dqg dvvhvvlqj djhqflhv/ zklfk hlwkhu dvvljq lqglylgxdov wr
dydlodeoh surjudpphv ru dgylvh wkhp lq fkrrvlqj d surjudpph/ h1j1 orfdo sxeolf hpsor|phqw vhuylfhv1
Lqh!flhqw sduwlflsdqw0wr0wuhdwphqw doorfdwlrq pljkw vxjjhvw d uh0rujdql}dwlrq ri wkh vhohfwlrq surfhvv/
h1j1 iurp lqglylgxdo vhoi0vhohfwlrq wr dvvljqphqw ru ylfh yhuvd14;
Wkh sursrvhg hvwlpdwru kdv ehhq dssolhg wr uhkdelolwdwlrq surjudpphv lq Vzhghq/ zklfk kdg ehhq
jurxshg lqwr mxvw wkuhh fdwhjrulhv +qr uhkdelolwdwlrq/ yrfdwlrqdo uhkdelolwdwlrq/ qrq0yrfdwlrqdo uhkd0
elolwdwlrq, rq wkh jurxqgv ri vpdoo vdpsoh vl}h1 Rqo| rqh rxwfrph yduldeoh/ uhwxuqlqj wr uhjxodu hp0
sor|phqw dw wkh hqg ri vlfnqhvv/ kdv ehhq frqvlghuhg1 Lw wxuqhg rxw wkdw iru qhduo| 5533 ri wkh 95;:
lqglylgxdov ri wkh gdwd vhw qr0uhkdelolwdwlrq zrxog kdyh ehhq wkh rswlpdo wuhdwphqw/ iru mxvw deryh
4333 lqglylgxdov yrfdwlrqdo uhkdelolwdwlrq zrxog kdyh ehhq rswlpdo/ dqg iru qr0rqh qrq0yrfdwlrqdo
uhkdelolwdwlrq zrxog kdyh ehhq prvw uhfrpphqgdeoh1 Iru wkh uhpdlqlqj ryhu06333 lqglylgxdov qrqh ri
wkh wkuhh wuhdwphqwv zdv mrlqwo| vljqlfdqwo| vxshulru wr wkh rwkhuv dw wkh 43( vljqlfdqfh ohyho/ exw
iru dqrwkhu dssur{lpdwho| 5333 shuvrqv dq rswlpdo surjudpph frxog eh ghwhuplqhg dw wkh 53( vljqli0
lfdqfh ohyho1 Iru wkh uhpdlqlqj shuvrqv d vhpl0rughulqj frxog eh hvwdeolvkhg e| pxowlsoh0frpsdulvrqv0
zlwk0wkh0ehvw1 Frqwudvwlqj wkhvh uhvxowv zlwk wkh wuhdwphqwv wkdw wkh lqglylgxdov kdyh dfwxdoo| uh0
fhlyhg lw lv irxqg wkdw rqo| derxw 75( ri doo lqglylgxdov iru zkrp dq xqulydoohg rswlpdo surjudpph
zdv irxqg uhfhlyhg wkhlu rswlpdo wuhdwphqw1 Li uh0hpsor|phqw dw wkh hqg ri vlfnqhvv vshoo zrxog eh wkh
rqo| uhohydqw rxwfrph yduldeoh ri lqwhuhvw +zklfk vxuho| lv qrw wkh fdvh h1j1 iru phglfdo uhkdelolwdwlrq,
dqg li wkh prgho vshflfdwlrq zhuh fruuhfw +zklfk lq wkh fxuuhqw yhuvlrq ri wkh sdshu lv qrw |hw wkh
fdvh,/ rqh zrxog eh whpswhg wr frqfoxgh wkdw wkh vhohfwlrq surfhvv lq sodfh gxulqj 4<<4 wr 4<<7 lq
Vzhghq/ dvvljqlqj derxw 8;( ri wkh hdv|0wr0fodvvli| fdvhv wr vxe0rswlpdo uhkdelolwdwlrq surjudpphv/
zdv kljko| lqh!flhqw1
Lq ixwxuh zrun pxowlsoh frpsdulvrqv zlwk wkh ehvw vkdoo eh lqfrusrudwhg dqg lw vkdoo eh dgguhvvhg
zklfk dqg krz pdq| ri wkh ryhulghqwli|lqj htxdolw| prphqwv vkrxog eh lqfoxghg lq wkh JPP hvwlpdwru
dqg krz wkh sursrvhg hvwlpdwru ehkdyhv xqghu plvvshflfdwlrq1
D Dsshqgl{= Wkhruhpv dqg fruroodulhv
D14 Surriv ri Wkhruhpv






























4;Qrwlfh wkdw h!flhqf| lv zlwk uhvshfw wr wkh uhohydqw xwlolw| ixqfwlrq1 Wkxv/ dowkrxjk vhoi0vhohfwlrq pljkw dsshdu
lghdo zkhq fkdudfwhulvwlfv vxfk dv prwlydwlrq ru zrun frpplwphqw duh xqrevhuydeoh wr wkh fdvh zrunhu/ lw pljkw dovr eh
wkdw surjudpph frvwv dqg shuvrqdo prqhwdu| dqg qrq0prqhwdu| frvwv duh ydoxhg glhuhqwo| lq wkh xwlolw| ixqfwlrqv ri
wkh lqglylgxdo dqg wkdw ri wkh surjudpph rshudwru1
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Pxowlso|lqj rxw dqg wdnlqj wkh h{shfwdwlrq frqglwlrqdo rq [￿>==>[?>G ￿>==>G ? doo whupv fdqfho wr
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Lq dqdorj| wr Qhzh| dqg PfIdgghq +4<<7, wkh surri surfhhgv lq wkuhh vwhsv1 Lq Fruroodu| 7
vx!flhqw frqglwlrqv iru wkh frqvlvwhqf| ri dq h{wuhpxp hvwlpdwru a 
o
+a o, @ duj plq
woMXo
a To
?+o> a o, duh
odlg grzq1 Lq Fruroodu| 8 wkhvh vx!flhqw frqglwlrqv duh vshflhg pruh suhflvho| iru d JPP hvwlpdwru/
zklfk lv d phpehu ri wkh fodvv ri h{wuhpxp hvwlpdwruv1 Ilqdoo|/ lq Wkhruhp 4 lw lv vkrzq wkdw wkh
vshflf JPP hvwlpdwru edvhg rq wkh deryh prphqw yhfwru grhv xqghu plog frqglwlrqv vdwlvi| wkh
frqglwlrqv ri Fruroodulhv 7 dqg 81 Vlqfh wkh glhuhqw frh!flhqw yhfwruv o duh hvwlpdwhg vhsdudwho|
wkh vxshuvfulswv u zloo khqfhiruwk iuhtxhqwo| eh vxssuhvvhg wr hdvh qrwdwlrq1
54Iluvw/ vx!flhqw frqglwlrqv duh jlyhq iru d jhqhulf h{wuhpxp hvwlpdwru ri wkh irup a +a ,@
dujplq a T?+> a , wr eh frqvlvwhqw/ zkhuh a T? lv d vwrfkdvwlf remhfwlyh ixqfwlrq dqg a  dq r q s d u d p h w u l f
suholplqdu| hvwlpdwh ri f1E h Tf wkh qrqvwrfkdvwlf olplw ixqfwlrq ri a T? dqg f dqg f wkh wuxh
ydoxhv1 Vxssrvh wkdw wkh hvwlpdwru a  frqyhujhv lq suredelolw| wr f1G h  q hE+f, dv dq duelwudulo|
vpdoo edoo durxqg f= Frqvlvwhqf| ri a  lpsolhv wkdw zlwk suredelolw| dssurdfklqj rqh a  olhv lq wkh
edoo E+f,/ khqfh
olp
?<"Su+a  5 E+f, ,@4 1 +54,
Fruroodu| 7 Li
+l, Tf+>, lv xqltxho| plqlpl}hg dw +f>f,/
+ll, f 5 / zlwk  wkh frpsdfw sdudphwhu vsdfh/
+lll, Tf+>, lv frqwlqxrxv/






   a T?+>,  Tf+>,
   ?% ￿

@4 ; 5 E+f, zlwk %￿ A 3/ +55,
+y, solp a  @ f/
wkhq wkh hvwlpdwru a +a , @ dujplq
wMX
a T?+> a , frqyhujhv lq suredelolw| wr f1
Surri1 Zlwk a  frqvlvwhqw lw iroorzv e| wkh Voxw}n| wkhruhp wkdw dovr wkh qrqvwrfkdvwlf ixqfwlrq
Tf+f> a , lv frqyhujhqw=
olp
?<"Su+mTf+f> a ,  Tf+f>f,m ?% 2,@4 zlwk %2 A 3 +56,
Iluvw lw lv vkrzq/ wkdw Tf+a > a , frqyhujhv wr Tf+f>f, iurp deryh1 Zulwh Tf+a > a ,  Tf+f>f, dv
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a T?+f> a ,  Tf+f> a ,

.+Tf+f> a ,  Tf+f>f,,1
Iurp wkh xqlirup frqyhujhqfh dvvxpswlrq +55, wrjhwkhu zlwk +54, lw iroorzv wkdw zlwk suredelolw|
dssurdfklqj 4 +z1s1d14,
   a T?+a > a ,  Tf+a > a ,
   ?% ￿ dqg z1s1d14
   a T?+f> a ,  Tf+f> a ,
   ?% ￿1I u r p
+56, lw iroorzv wkdw z1s1d14 mTf+f> a ,  Tf+f>f,m ?% 21W k hw h u pa T?+a > a ,  a T?+f> a , lv qhjdwlyh
e| wkh ghqlwlrq ri wkh hvwlpdwru zlwk a T?+a > a ,@p l q
wMX
a T?+> a ,1 Wkxv wkh uvw/ wklug dqg irxuwk
whupv duh z1s1d14 vpdoohu wkdq dq duelwudulo| vpdoo qxpehu dqg wkh vhfrqg whup lv vpdoohu wkdq }hur1
Dffruglqjo| lw iroorzv zlwk %  pd{+%￿>% 2,
Tf+a > a , ?T f+f>f,.6 % z1s1d141 +57,
Wkh iroorzlqj uhdvrqlqj lv vlplodu lq vslulw wr wkdw ri Wkhruhp 514 lq Qhzh| dqg PfIdgghq +4<<7,1
Ohw Q eh dq| rshq vxevhw ri  zlwk f 5Qdqg ohw QS @ qQ eh lwv frpsohphqw1 Iurp QS frpsdfw
dqg Tf+>, frqwlqxrxv lw iroorzv wkdw lqi
wM￿ STf+>f, AT f+f>f,/v l q f hf xqltxho| plqlpl}hv Tf1
Fkrrvlqj 6% @l q i
wM￿STf+>f,  Tf+f>f, lw iroorzv z1s1d14 wkdw Tf+a > a , ? lqi
wM￿STf+>f,1 Wklv
phdqv wkdw z1s1d14 a  fdqqrw eh hohphqw ri QS dqg wkxv a  5Qpxvw krog1 Khqfh iru vx!flhqwo| vpdoo
% doo rshq vxevhwv ri  zklfk frqwdlq f dovr z1s1d14 frqwdlq a  dqg doo vxevhwv ri  zklfk gr qrw
frqwdlq f dovr z1s1d14 gr qrw frqwdlq a 1W k x va  frqyhujhv lq suredelolw| wr f1
Qrz wkh vx!flhqw frqglwlrqv ri Fruroodu| 7 duh vshflhg iru d jhqhulf JPP hvwlpdwru1
55Fruroodu| 8 Vxssrvh
+l, a  lv d frqvlvwhqw hvwlpdwru ri f dqg E+f, de d o od u r x q gf/ vxfk wkdw olp
?<"Su+a  5 E+f, ,@4 /
+ll, wkh gdwd ]￿ @+ [￿>\ ￿, duh llg/ a Z
R
$ Z/z k h u hZ d srvlwlyh vhplghqlwh pdwul{/
+lll, ZHj+]>>,@3li dqg rqo| li  @ f dqg  @ f/
+ly, f 5 / zlwk  frpsdfw/























￿ Z +Hj+]>>,, vdwlvhv wkh frqglwlrqv ri Fruroodu| 7 dqg wkh JPP
hvwlpdwru lv frqvlvwhqw1
Surri1 Vkrzlqj wkdw wkh frqglwlrqv ri Fruroodu| 7 duh vdwlvhg iroorzv zlwk rqo| plqru prglfdwlrqv
Ohppd 517 dqg Wkhruhp 519 ri Qhzh| dqg PfIdgghq +4<<7, dqg lv khuh rplwwhg1
Surri1 ^ri Wkhruhp 4` Lw pxvw eh vkrzq/ wkdw doo frqglwlrqv ri Fruroodu| 8 duh vdwlvhg1 Frqglwlrqv
+l,/ +ll,/ +ly, dqg +y, ri Fruroodu| 8 duh vdwlvhg e| dvvxpswlrq1 Li a p lv frqvlvwhqw wkhq dovr a 1W k h
lghqwlfdwlrq frqglwlrq +lll, dqg wkh prphqw h{lvwhqfh frqglwlrq +yl, qhhg wr eh dqdo|vhg1 Frqglwlrq
+lll, uhtxluhv wkdw Z lv vwulfwo| srvlwlyh ghqlwh1 Wkhq wkh xsshu sduw ri wkh prphqw yhfwru +53,/
zklfk lv lqghshqghqw ri / fdq rqo| kdyh h{shfwdwlrq }hur li lw uhsuhvhqwv wkh wuxh phdq ixqfwlrq1 E|
dvvxpswlrq +ll, rq wkh sdudphwulf htxdwlrq k+{>, wklv fdq rqo| eh wkh fdvh li  @ f1 Exw wkhq wkh
htxdolw| frqglwlrqv/ wkh orzhu sduw ri +53,/ fdq rqo| eh }hur li  @ f1
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D/
zkhuh k￿+[>, lv wkh y0wk rxwfrph yduldeoh/ ,+[, wkh o0wk hohphqw ri wkh pxowlyduldwh lqglfdwru
ixqfwlrq +:, dqg a ￿, w k hh o h p h q wr iw k hh v w l p d w h ga 0yhfwru fruuhvsrqglqj wr wkh y0wk rxwfrph yduldeoh
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.H vxs
kM￿Ekf￿
m￿,cf  a ￿,m/
li doo wkhvh whupv kdyh qlwh h{shfwdwlrqv1 Wkh odvw whup lv qlwh/ vlqfh wkh vl}h ri wkh edoo E+f,
durxqg f fdq eh fkrvhq duelwudulo| vpdoo1 Khqfh/ li iru hdfk rxwfrph yduldeoh dqg hdfk vxesrsxod0
wlrq H vxsnD+[,  +\  k+[>,,n ? 4 dqg H vxsmk+[>,  4+[ 5 Vo,  fm ? 4 dqg wkh qxpehu ri
vxesrsxodwlrqv lv qlwh/ wkhq wkh prphqw h{lvwhqfh frqglwlrq +yl, ri Fruroodu| 8 lv vdwlvhg1
Ghqlwlrq 4 Dv|pswrwlf olqhdulw| zlwk wulpplqj Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<;,
Dq hvwlpdwru a +{, ri wkh frqglwlrqdo h{shfwdwlrq ixqfwlrq f+{,@H^\ m[ @ {` lv dv|pswrwlfdoo| olqhdu
zlwk wulpplqj 4+{ 5 a V, l wkhuh lv d ixqfwlrq #? dqg vwrfkdvwlf whupv a e+{, dqg a U+{, wkdw vdwlvi| wkh
iroorzlqj frqglwlrqv=
+l, ^a +{,  f+{,`  4+{ 5 a V,@q3￿
? S
￿’￿
#?+\￿>[ ￿>{,.a e+{,. a U+{,













Frqglwlrq +l, ghpdqgv wkdw wkh ghyldwlrq ri wkh hvwlpdwru iurp lwv wuxh phdq fdq eh ghfrpsrvhg
lqwr wkuhh frpsrqhqwv= wkh vxp ri d orfdo lq xhqfh ixqfwlrq/ d orfdo eldv whup dqg d orfdo uhvlgxdo
whup1 Wkh orfdo lq xhqfh ixqfwlrq #? uhsuhvhqwv wkh lq xhqfh ri d sduwlfxodu revhuydwlrq rq wkh
ghyldwlrq ri wkh hvwlpdwru iurp lwv wuxh ydoxh dqg lv zhoo nqrzq iurp wkh fodvv ri dv|pswrwlfdoo| olqhdu
hvwlpdwruv dv fryhuhg lq Qhzh| dqg PfIdgghq +4<<7,1 Revhuyh wkdw wkh orfdo lq xhqfh ixqfwlrq #?
lv doorzhg wr ydu| zlwk q iru lqvwdqfh wkurxjk edqgzlgwk sdudphwhuv wkdw frqyhujh zlwk vdpsoh vl}h1
Wkh vhfrqg whup e+{, lv d orfdo eldv frpsrqhqw/ zkrvh srsxodwlrq dyhudjh pxvw eh }hur dqg wkh
olplw glvwulexwlrq ri lwv dyhudjh pxowlsolhg zlwk
s
q pxvw eh ghjhqhudwh dqg frqyhujlqj wr d qlwh
qrqvwrfkdvwlf qxpehu e1 Sdudphwulf hvwlpdwruv duh riwhq orfdoo| xqeldvhg zlwk e+{, }hur1 Iru pdq|
qrqsdudphwulf hvwlpdwruv wkh
s
q dyhudjh eldv frxog eh pdgh wr eh }hur e| fkrrvlqj d edqgzlgwk
vhtxhqfh wkdw frqyhujhv idvwhu wr }hur/ wkrxjk lq whupv ri phdq vtxduhg huuru hyhq pruh vprrwklqj
zrxog eh ghvludeoh/ exw wklv zrxog lpso| d qrq0ghjhqhudwh dv|pswrwlf glvwulexwlrq ri wkh
s
q dyhudjh
eldv1 Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<;, kdyh vkrzq wkdw xqghu vrph vprrwkqhvv frqglwlrqv wkh
orfdo sro|qrpldo uhjuhvvlrq hvwlpdwru lv dv|pswrwlfdoo| olqhdu zlwk wulpplqj +vhh Fruroodu| 9,/ dqg wkdw
wkh orfdo sro|qrpldo uhjuhvvlrq hvwlpdwru a po+a so+{,, ri H^\ omso+[ @ {,` rq wkh hvwlpdwhg sduwlflsdwlrq
suredelolw| lv dovr dv|pswrwlfdoo| olqhdu zlwk wulpplqj li wkh hvwlpdwru ri wkh sduwlflsdwlrq suredelolw|
prgho lv dv|pswrwlfdoo| olqhdu zlwk wulpplqj +Fruroodu| :,1
Surri1 ^ri Wkhruhp 5` Wr lpsuryh uhdgdelolw| wkh vxshuvfulswv u duh iuhtxhqwo| vxssuhvvhg1 Wkh JPP
57hvwlpdwru a ? @ dujplq
w
j?+> a pTu> a V,￿ a Z?j?+> a pTu> a V, fdq eh h{suhvvhg e| lwv uvw rughu frqglwlrq
J?+a > a V,￿ a Z  j?+a > a pTu> a V,@3 / +58,
zkhuh J? @
Y}?E￿ wc￿ 4Tuc￿ 7￿
Yw￿ lv wkh judglhqw ri j? zlwk uhvshfw wr /zklfk grhv qrw ghshqg rq a pTu1
Dsso|lqj wkh phdq ydoxh wkhruhp wr j?+a > a po
Tu> a V, durxqg wkh wuxh frh!flhqw yhfwru f dqg
lqvhuwlqj wklv lqwr wkh uvw rughu frqglwlrq +58, |lhogv/ zlwk   rq wkh olqh ehwzhhq a  dqg f/
J?+a > a V,￿ a Z 
k
j?+f> a pTu> a V,.J?+ > a V,  +a   f,
l
@3 1 +59,





J?+a > a V,￿ a ZJ?+ > a V,
3￿
J?+a > a V,￿ a Z  q
￿
2j?+f> a pTu> a V,1 +5:,
E| lqvhuwlqj wkh prphqw yhfwru +43, wkh odvw whup fdq eh zulwwhq dv
q
￿








++[￿,  k+[￿>f,  pTu+s+[￿,,, 
k









+a pTu+a s+[￿,,  pTu+s+[￿,,,  4+[￿ 5 a Vo,

/
zkhuh ]￿ @+ \￿>G ￿>[ ￿,1 Wkh uvw whup fruuhvsrqgv wr wkh fdvh zkhuh pTu dqg V zkhuh nqrzq/
wkh vhfrqg whup fruuhfwv iru wkh hvwlpdwlrq ri wkh vxssruw dqg wkh wklug whup wdnhv dffrxqw iru wkh




k+[￿>f,  pTu+s+[￿,,,  4+[￿ 5 a V, dqg q3￿
2
S
++[￿,  k+[￿>f,  pTu+s+[￿,,  4+[￿ 5 V, duh
dv|pswrwlfdoo| htxlydohqw dv vkrzq e| Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<;/ s1 5<4,1 Vlqfh wkh
qrqsdudphwulf hvwlpdwru lv dv|pswrwlfdoo| olqhdu zlwk wulpplqj iru hdfk rxwfrph yduldeoh dqg lq doo
uhohydqw vxesrsxodwlrqv lw iroorzv wkdw
q
￿















￿ ￿c6+\￿>G ￿>[ ￿>[￿,.q3￿ S





￿ uc6+\￿>G ￿>[ ￿>[￿,.q3￿ S



















































































zlwk ,c6+\￿>G ￿>[ ￿>[￿, deeuhyldwhg dv 
￿c￿
,c6 dqg ,cR+\￿>G ￿>[ ￿>[￿, dv 
￿c￿
,cR1 Qrwlfh wkdw wkh odvw
whup frqyhujhv wr }hur dqg wkh wklug whup wr d qrqvwrfkdvwlf eldv whup1 Wkh uvw wzr whupv lq fxuo|
eudfnhwv duh yrq Plvhv vwdwlvwlfv +h1j1 vhh Vhu lqj 4<;3, zklfk duh dv|pswrwlfdoo| htxlydohqw wr wkhlu












@ r+q, krogv/ wkhq wkhvh whupv duh
dv|pswrwlfdoo| htxlydohqw wr wkh surmhfwlrq ri wkh fruuhvsrqglqj X0vwdwlvwlf +Fruroodu| ;,1 Dvvxpswlrq








@ r+q, vlqfh zlwk





















lq xhqfh ixqfwlrq rq rxwfrph yduldeoh y lq vxesrsxodwlrq o1Z l w kH
￿c￿
,c6 @3wklv whup fruuhvsrqgv

























Dv dvvxpswlrq +l, lv wr krog iru hdfk rxwfrph yduldeoh dqg hdfk vxesrsxodwlrq wklv whup lv r+q,1W k h








dqg vlqfh fryduldqfhv ehwzhhq wkh lq xhqfh
ixqfwlrqv iru s dqg p duh erxqghg e| wkhlu yduldqfhv wkh surmhfwlrq wkhruhp lv dssolfdeoh1
Uhsodflqj wkh yrq Plvhv vwdwlvwlfv e| wkh surmhfwlrq ri wkh fruuhvsrqglqj X0vwdwlvwlfv h{suhvvlrq



























wr zklfk d fhqwudo olplw wkhruhp lv gluhfwo| dssolfdeoh/ zkhuh wkh dv|pswrwlf glvwulexwlrq lv ghwhuplqhg
e| wkh uvw wzr whupv vlqfh doo rwkhu whupv frqyhujh lq suredelolw|
Wr eh deoh wr dsso| wkh X0vwdwlvwlf surmhfwlrq wkhruhp vlpxowdqhrxvo| wr doo vxesrsxodwlrqv o lq
h{suhvvlrq +5<, uhtxluhv wkdw wkh ixoo lq xhqfh ixqfwlrq yhfwru frqwdlqlqj doo rxwfrph yduldeohv dqg
doo vxesrsxodwlrqv kdv h{shfwhg vtxduhg qrup ri rughu r+q,/ zklfk lv vdwlvhg e| dvvxpswlrq +l, vlqfh
wkh vtxduhg qrup lv vpdoohu ru htxdo wkdq wkh vxp ri wkh vtxduhg qrupv ri doo yhfwru hohphqwv/ zklfk
e| dvvxpswlrq duh r+q,1
Ghqlqj M￿ dv






￿co  H^￿c6+\￿>G ￿>[ ￿>[￿,m\￿>G ￿>[ ￿`.H^￿cR+\￿>G ￿>[ ￿>[￿,m\￿>G ￿>[ ￿`
1 1 1
3￿





59lw iroorzv e| wkh pxowlyduldwh Olqghehuj0Ihoohu fhqwudo olplw wkhruhp +Juhhqh 4<<:/ Wkhruhp 7147,
xqghu wkh uhjxodulw| frqglwlrqv wkdw HM￿M￿
￿ ? 4; l/ wkdw doo pl{hg wklug prphqwv ri wkh pxowlyduldwh




























Lw uhpdlqv wr vkrz wkdw J? dqg a Z frqyhujh lq suredelolw| wr J dqg Z/ uhvshfwlyho|1 Wkh judglhqw
ri wkh prphqw yhfwru +43, lv
J?+> a V,@q3￿ [D+[￿,  +\￿ 
Y￿Ef￿cw￿
Yw￿ ,  4+G￿ @ u,
+[￿, 
Y￿Ef￿cw￿
Yw￿  4+[￿ 5 a V,

+66,
@ q3￿[D+[￿,  +\￿ 
Y￿Ef￿cw￿
Yw￿ ,  4+G￿ @ u,
+[￿, 
Y￿Ef￿cw￿













Wkh odwwhu whup frqyhujhv wr }hur vlqfh wkh uvw ghulydwlyh ri k+=, lv erxqghg e| dvvxpswlrq dqg
4+[￿ 5 a V, frqyhujhv wr 4+[￿ 5 V,1 Wkh uvw whup frqyhujhv wr J dqg wkh zhljkwlqj pdwul{ frqyhujhv












Fruroodu| 9 +Dv|pswrwlf olqhdulw| ri a po+so,/ Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<;, ,
Dvvxplqj wkdw
+l, vdpsolqj ri +\ o
￿ >[ ￿>G ￿, lv llg zlwk qlwh yduldqfh ri \ o
￿ / dqg [￿ 5? &
+ll, wkh uhjuhvvlrq ixqfwlrq po+so, lv wzlfh frqwlqxrxvo| glhuhqwldeoh zlwk vhfrqg ghulydwlyh Kùoghu
frqwlqxrxv/
+lll, wkh vwrfkdvwlf edqgzlgwk vhtxhqfh d?o vdwlvhv solp
?o<"
@?o
￿?o @ df A 3 iru vrph ghwhuplqlvwlf
vhtxhqfh ik?oj wkdw vdwlvhv
?o￿?o
*??o $4dqg olpqoke ? 4/





+y, wkh hvwlpdwhg vxssruw a Vo @ i{ = a if+{,  tfj lv hvwlpdwhg vxfk/ wkdw vxs%M7
   a if+{,  if+{,
  
frqyhujhv d1v1 wr }hur zkhuh V @ i{ = if+{,  tfj/ a if lv d nhuqho ghqvlw| hvwlpdwh zlwk nhuqho zlwk
prphqwv 4 wkurxjk n htxdo wr }hur/ dqg if lv n .4wlphv frqwlqxrxvo| glhuhqwldeoh zlwk +n .4 , 0wk
ghulydwlyh Kùoghu frqwlqxrxv/
+yl, po+, lv hvwlpdwhg dw lqwhulru srlqwv/
wkhq wkh orfdo sro|qrpldo uhjuhvvlrq hvwlpdwru a po+so+{,, ri sro|qrpldo rughu  44< lv dv|pswrwlfdoo|
4<Wkh orfdo sro|qrpldo uhjuhvvlrq hvwlpdwru ri rughu f lv wkh Qdgdud|d0Zdwvrq Nhuqho hvwlpdwru dqg wkh orfdo sro|0
qrpldo uhjuhvvlrq hvwlpdwru ri rughu  lv wkh orfdo olqhdu hvwlpdwru1
5:olqhdu zlwk wulpplqj=





￿ >s o+[￿,>so,  4+G￿ @ u,.a e6+so,. a U6+so,=
Fruroodu| : +Dv|pswrwlf olqhdulw| ri a po+a so,/ Khfnpdq/ Lfklpxud/ dqg Wrgg +4<<;, , Li
+l, dq hvwlpdwru a so+{, ri wkh sduwlflsdwlrq suredelolw| lv dv|pswrwlfdoo| olqhdu zlwk wulpplqj
+a so+{,  so+{,,4+{ 5 a Vo,@q3￿ [
￿
#R+G￿>[ ￿>{,.a eR+{,. a UR+{,>
+ll,
Y ￿ 6oERo￿
YRo dqg a so+{, duh xqlirupo| frqvlvwhqw dqg frqyhujh wr
Y6oERo￿















































 #R+G,>[ ,>[￿,@3 /z k h u h so+{, lv d ixqfwlrq ghqhg
e| d Wd|oru*v h{sdqvlrq ri a po+a so+{,, durxqg so+{,/
wkhq dovr wkh hvwlpdwru a po+a so+{,, ri po+so+{,, @ H^\ omso+[ @ {,` lv dv|pswrwlfdoo| olqhdu zlwk wulp0






￿ >s o+[￿,>so,4+G￿ @ u,.
Cpo+so+{,,
Cso  q3￿ [
￿








a e+[￿,@e6 . e6R
Uhpdun 8 Fruroodu| := Li wkh sduwlflsdwlrq suredelolw| lv hvwlpdwhg hlwkhu qrqsdudphwulfdoo| e| orfdo
sro|qrpldo uhjuhvvlrq ru sdudphwulfdoo|/ h1j1 e| pd{lpxp olnholkrrg/ wkhq wkh frqglwlrqv +l, wr +yl,
duh vdwlvhg +Khfnpdq/ Lfklpxud/ dqg Wrgg 4<<;,1 Lq wkh odwwhu fdvh wkh orfdo eldv a eR+{, lv }hur1
Fruroodu| ; +Dv|pswrwlf htxlydohqfh ri Y 0vwdwlvwlf/ X vwdwlvwlf dqg lwv surmhfwlrq, Ohw

























HK?+[￿>[ 2m[￿ @ [￿,1
Li H nK?n
2 @ r+q, wkhq q
￿
2+X?  a X?,@rR+4, dqg q
￿
2+Y?  a X?,@rR+4,1 Vhh Krhglqj +4<7;, dqg
Vhu lqj +4<;3,1 H{whqghg e| Srzhoo/ Vwrfn/ dqg Vwrnhu +4<;<, wr doorz K? wr ghshqg rq vdpsoh vl}h1
5;D15 Lq xhqfh ixqfwlrqv ri sduwlfxodu hvwlpdwruv
Iluvw wkh lq xhqfh ixqfwlrq iru wkh sdudphwulf hvwlpdwlrq ri wkh sduwlflsdwlrq suredelolwlhv so lv ghulyhg1
Wkhuhdiwhu wkh lq xhqfh ixqfwlrq ri nhuqho uhjuhvvlrq hvwlpdwru ri po lv jlyhq1 Dv vkrzq lq Qhzh|
dqg PfIdgghq +4<<7/ s15474 , Pd{lpxp Olnholkrrg hvwlpdwruv ri sdudphwulf uhjuhvvlrq prghov duh
dv|pswrwlfdoo| olqhdu lq wkh vhqvh
q
￿











3￿ C oqi+\￿>[ ￿mf,
C
1 +68,
Wklv lq xhqfh ixqfwlrq lv joredo lq wkh vhqvh wkdw lw dhfwv wkh hvwlpdwh ri wkh frh!flhqwv  dqg
qrw rqo| wkh hvwlpdwh ri wkh frqglwlrqdo phdq dw d fhuwdlq srlqw {1 Ohw +{>, ghqrwh d sdudphwulf
phdq ixqfwlrq/ wkhq xqghu vrph uhjxodulw| frqglwlrqv wkh *orfdo* dv|pswrwlfdoo| olqhdu uhsuhvhqwdwlrq






















zkhuh HK lv wkh h{shfwhg Khvvldq dw f lq +68,1 Wkxv d Pd{lpxp Olnholkrrg hvwlpdwru lv dv|pswrw0
lfdoo| olqhdu zlwk wulpplqj zlwk }hur orfdo eldv a eR+{,@3 1
Wkh lq xhqfh ixqfwlrq ri wkh nhuqho uhjuhvvlrq hvwlpdwru lq wkh rqh0glphqvlrqdo uhjuhvvlrq vhwwlqj
lv +Khfnpdq/ Lfklpxud/ dqg Wrgg 4<<;,=
#6+\ o
￿ >s o+[￿,>so+{,, @

\ o
￿  H^\ o






































 iR￿(’o+so+x,,gx zkhuh iR￿(’o lv wkh ghqvlw| ri
so frqglwlrqdo rq G @ u dqg a iRo￿(’o+, ghqrwhv d nhuqho ghqvlw| hvwlpdwh xvlqj wkh vdph edqgzlgwk







 iR￿(’o+so+x,,gx frqyhujhv wr
iR￿(’o+so+{,,
U
N +x,gx +Sdjdq dqg Xoodk +4<<<,/ s1 695/ 697 ru Sdu}hq +4<95,, dqg vlqfh wkh nhuqho
ixqfwlrq lv vxssrvhg wr lqwhjudwh wr rqh/ wkh lq xhqfh ixqfwlrq frqyhujhv wr=
#6+\ o












4+G￿ @ u,4+{ 5 Vo,1















zkhuh iE￿￿ ghqrwhv wkh uvw ghulydwlyh ri wkh ghqvlw| dqg poE￿￿ dqg poE2￿ duh wkh uvw dqg vhfrqg
ghulydwlyh/ uhvshfwlyho|/ ri po1
D16 Frpelqdwlrq ri erwk hvwlpdwruv=
Iurp Dsshqgl{ D15 lw iroorzv wkdw li po+so+{,, lv hvwlpdwhg iru d vxesrsxodwlrq ghqhg dv i{m,+{,@
4j e| d frpelqdwlrq ri Pd{lpxp Olnholkrrg hvwlpdwlrq iru wkh sduwlflsdwlrq suredelolw| dqg Nhuqho
uhjuhvvlrq iru wkh frqglwlrqdo uhjuhvvlrq fxuyh dqg wkh dvvxpswlrqv ri fruroodulhv 514 dqg 515 duh
ydolg iru wklv vxesrsxodwlrq/ wkhq wkh uhvxowlqj hvwlpdwh a po
,+a so+{,, ri H^\ omso+[ @ {,>,+{,@4 `lv
dv|pswrwlfdoo| olqhdu zlwk wulpplqj=
^a po
,+a so+{,,  po























3￿ C oqi+G￿>[ ￿>f,
C
 ,+{,4+{ 5 Vo,/ +6;,
zkhuh Hso+{, lv sdudphwulfdoo| vshflhg dv so+{>f, dqg HK lv wkh h{shfwhg Khvvldq dw f1 Ixuwkhu
o
,c6+\ o


















zkhuh a iRo￿(’oc\,’￿+so+{,, lv wkh nhuqho ghqvlw| hvwlpdwh lq wkh frpprq vxesrsxodwlrq ri wkh sduwlfl0
sdqwv lq wuhdwphqw u dqg wkh vxesrsxodwlrq ghqhg e| ,+{, rewdlqhg zlwk wkh vdph edqgzlgwk k?,co1
Lw krogv wkdw H^o
,cR+\ o
￿ >G ￿>[ ￿>[,m[ @ {`@3 / H^o
,c6+\ o














a Uo+[￿,@rR+4,1 Wr hdvh qrwdwlrq/
pxowlsoh rxwfrph yduldeohv/ l1h1 \ o ehlqj d yhfwru/ duh wuhdwhg vhtxhqwldoo| rqh diwhu wkh rwkhu dqg
duh vwdfnhg wkhuhdiwhu wr wkh yhfwru +a po
Tu po
Tu,4+{ 5 a Vo,1
63E Dsshqgl{= Vzhglvk Uhkdelolwdwlrq Surjudpphv
Wdeoh E14= Hvwlpdwlrq ri d pxowlqrpldo surelw prgho/ Qr Uhkdelolwdwlrq dv uhihuhqfh jurxs
Yduldeoh Yrfdwlrqdo Qrq0yrfdwlrqdo
Frqvwdqw 05186 0614<
Djh= 4;068 |hduv 314: 3
79088 |hduv 03153 03147
Flwl}hqvkls= Vzhglvk eruq 3148 3
Pdulwdo vwdwxv= zlgrzhg 03164 3
Rffxsdwlrq lq= Pdqxidfwxulqj 03143 3
Hpsor|phqw vwdwxv= hpsor|hg 3167 3
Txdoli|lqj lqfrph= +lq VHN24333, 3147 3
Suhylrxv vlfnqhvv gd|v 64093 gd|v 3 315<
+lq odvw 9 prqwkv,= A 93 gd|v 314; +313:,
Suhylrxv sduwlflsdwlrq lq yrfdwlrqdo uhkdelolwdwlrq 3164 315;
Xqhpsor|phqw udwh +lq (, 3 3143




Frppxqlw| w|sh= xuedq 2 vxexuedq uhjlrq 0316< 0413;
pdmru 2 plggoh odujh flw| 03157 0317<
lqgxvwuldo flw| 3 319;
Vlfnqhvv uhjlvwudwhg lq 4<<42<5 3 315:
Vlfnqhvv uhjlvwudwlrq e| sv|fk12vrfldo phg1 fhqwuh 3 316:
Vlfnqhvv ghjuhh= 433( vlfn ohdyh 317; 3
Lqglfdwlrqv ri dofrkro ru guxj dexvh 0314; 315;
Gldjqrvlv= pxvfxorvnhohwdo 3 316;
lqmxulhv 3147 3154
Fdvh dvvhvvhg e|= hpsor|hu 318< 3164
lqvxudqfh r!fh 3173 3
LR rq ehkdoi ri wkh hpsor|hu 3165 3153
qrw qhhghg 03188 03174
Phglfdo YU zdlw dqg vhh +03143, 318<
uhfrpphqgdwlrq= YU qhhghg dqg ghqhg 416; 4145
holjleoh wr glvdelolw| shqvlrq 3 316;
Qrq0phglfdo YU YU qhhghg dqg ghqhg 419; 3188
uhfrpphqgdwlrq= holjleoh wr glvdelolw| shqvlrq 3 03167
YU suhyhqwhg e|= phglfdo uhdvrqv 3 3185
rwkhu idfwruv 3 3165
Phglfdo dqg qrq0phg0 zdlw dqg vhh 3187 3
lfdo uhfrpphqgdwlrq= YU qhhghg dqg ghqhg 0416; 03176
Qrwh= YU vwdqgv iru yrfdwlrqdo uhkdelolwdwlrq1 Erog frh!flhqwv duh vljqlfdqw dw wkh 4( ohyho +5 vlghg0whvw,/
qxpehuv lq lwdolfv duh vljqlfdqw dw wkh 8( ohyho/ frh!flhqwv lq eudfnhwv +, duh lqvljqlfdqw dw wkh 43( ohyho1
Zhljkwhg vlpxodwhg pd{lpxp olnholkrrg hvwlpdwhv edvhg rq wkh JKN vlpxodwru zlwk 733 uhsolfdwlrqv +Eùuvfk0
Vxsdq dqg Kdmlydvvlolrx 4<<6,1 5 Fkrohvn| idfwruv kdyh ehhq hvwlpdwhg +l1h1 wkh pd{lpxp qxpehu ri lghqwlhg
hohphqwv1 Ydoxh ri orj0olnholkrrg= 079431<1 Frh!flhqwv ri wkh jurxs qr uhkdelolwdwlrq dqg wkh frh!flhqwv pdunhg
zlwk 3 lq wkh wdeoh duh {hg wr }hur1 Lqihuhqfh lv edvhg rq wkh TPO fryduldqfh pdwul{ +Pdqvnl dqg Ohupdq 4<::,1
64Lq wklv dsshqgl{ dgglwlrqdo hvwlpdwlrq uhvxowv duh surylghg1 Lq Wdeoh E14 wkh hvwlpdwhg frh!flhqwv
ri wkh pxowlqrpldo surjudpph0fkrlfh surelw prgho duh jlyhq/ zkhuh qr uhkdelolwdwlrq lv wkh uhihuhqfh
jurxs1 Glhuhqw vhwv ri h{sodqdwru| yduldeohv kdyh ehhq wulhg dqg lqvljqlfdqw yduldeohv kdyh ehhq
ghohwhg vxevhtxhqwo|1 Iurp wkh hvwlpdwlrq uhvxowv ri wkh pxowlqrpldo surelw prgho wkh hvwlpdwhg
sduwlflsdwlrq suredelolwlhv a s￿J?e+[￿,> a sT-+[￿,> a s￿T-+[￿, duh frpsxwhg iru doo revhuydwlrqv1 Wdeoh
E15 vkrzv wkh fruuhodwlrq frh!flhqwv ehwzhhq wkhvh hvwlpdwhg suredelolwlhv1 Qrq0sduwlflsdwlrq lv
vwurqjo| qhjdwlyho| fruuhodwhg zlwk yrfdwlrqdo dqg qrq0yrfdwlrqdo uhkdelolwdwlrq/ zkloh yrfdwlrqdo dqg
qrq0yrfdwlrqdo uhkdelolwdwlrq duh qhduo| xqfruuhodwhg1 Wklv lqglfdwhv wkdw vhohfwlrq wr wkh surjudpphv
lv fohduo| lq xhqfhg e| revhuyhg fkdudfwhulvwlfv/ vhsdudwlqj wkh lqglylgxdov lq qhhg iru uhkdelolwdwlrq
iurp wkrvh xqolnho| wr uhfhlyh uhkdelolwdwlrq1
Wdeoh E15= Lpsolhg fruuhodwlrq pdwul{ ri wkh sduwlflsdwlrq suredelolwlhv
Qrqh Yrfdwlrqdo Qrq0yrfdwlrqdo
Qrqh 4 031:5 03194
Yrfdwlrqdo 4 03144
Qrwh= Vdpsoh fruuhodwlrq frh!flhqwv ehwzhhq wkh hvwlpdwhg sduwlflsdwlrq suredelolwlhv1
Qrqsdudphwulf hvwlpdwlrq ri wkh vxssruwv ri if￿(’o+{, lq doo vxesrsxodwlrqv dsshduv gl!fxow
zlwk [ frqwdlqlqj wklv pdq| yduldeohv1 Dv lq pdq| hydoxdwlrq vwxglhv wkh vxssruwv ri if￿(’o duh
dssur{lpdwhg e| wkh vxssruwv ri wkh sduwlflsdwlrq suredelolwlhv a so1 Iljxuh E14 vkrzv nhuqho ghqvlw|
hvwlpdwhv ri wkh hvwlpdwhg sduwlflsdwlrq suredelolwlhv a so iru doo wkuhh wuhdwphqw jurxsv/ l1h1 wkh orqj0
gdvkhg olqh lq wkh ohiw slfwxuh glvsod|v wkh glvwulexwlrq ri a s￿J?e lq wkh jurxs ri sduwlflsdqwv lq qr
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a so dprqj wkh sduwlflsdqwv lq wuhdwphqw u1 Wkhvh fxw0r srlqwv so
4￿?> a so
4@  duh jlyhq lq Wdeoh E16 dqg lw
lv vhhq wkdw iru doo wkuhh fdwhjrulhv pruh wkdq <<( ri doo revhuydwlrqv olh zlwklq wkh hvwlpdwhg vxssruw
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Iljxuh E14= Glvwulexwlrq ri wkh hvwlpdwhg sduwlflsdwlrq suredelolwlhv
Ghqvlw| ri a sQrqh Ghqvlw| ri a sY rfdwlrqdo Ghqvlw| ri a sQrq￿yrfdwlrqdo
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Qrq0sduwlflsdqwv +orqj0gdvkhg,/ Yrfdwlrqdo jurxs +vrolg,/ Qrq0yrfdwlrqdo jurxs +vkruw0gdvkhg,1 Edqgzlgwk@31431
65Wdeoh E16= Hvwlpdwhg vxssruwv ri wkh sduwlflsdwlrq suredelolwlhv
a V￿J?e a VT JS@|￿J?@, a V￿J?3￿JS@|￿J?@,
Plqlpxp a so +lq (, 41: 319 318
Pd{lpxp a so +lq (, <<17 ;<16 <713
Revhuydwlrqv lq vxssruw 95;6 9564 955:
Qrwh= Plqlpxp fruuhvsrqgv wr wkh vpdoohvw hvwlpdwhg sduwlflsdwlrq suredelolw| 	 R
o lq wkh vxevdpsoh
ri sduwlflsdqwv lq surjudpph o1 Pd{lpxp lv ghqhg dqdorjrxvo|1 Qxpehulq vxssruw jlyhv wkh qxpehu
ri revhuydwlrqv ri wkh ixoo vdpsoh zkrvh hvwlpdwhg sduwlflsdwlrq suredelolw| R
o olhv zlwklq wkh hvwlpdwhg
vxssruw 7
o1
Diwhu wkh sduwlflsdwlrq suredelolwlhv kdyh ehhq frpsxwhg wkh frqglwlrqdo h{shfwdwlrqv H^\ omso`
duh hvwlpdwhg e| Qdgdud|d0Zdwvrq nhuqho uhjuhvvlrq iru doo frqvlghuhg vxesrsxodwlrqv1 Wkh edqg0
zlgwk ydoxh lv vhohfwhg e| shqdolvhg furvv0ydolgdwlrq dffruglqj wr Iuùolfk +5333,1 Wkh hvwlpdwhg
uhjuhvvlrq fxuyhv a po
, duh judskhg zlwklq wkh uhvshfwlyh vxssruw uhjlrqv lq Iljxuh E151 Lq prvw fdvhv
wkh furvv0ydolgdwlrq vhohfwru kdv fkrvhq txlwh odujh edqgzlgwk ydoxhv/ ohdglqj wr vprrwk uhjuhvvlrq
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surshqvlw| wr sduwlflsdwh lq wkhvh surjudpphv/ lqglfdwlqj ehwwhu oderxu pdunhw survshfwv ri wkhvh
lqglylgxdov1 Wdeoh 815 lq Vhfwlrq 8 jlyhv wkh dyhudjh srwhqwldo rxwfrphv zklfk duh rewdlqhg e|
lqwhjudwlqj wkh uhjuhvvlrq fxuyhv lq Iljxuh E15
Iljxuh E15= Hvwlpdwhg uhjuhvvlrq fxuyhv zlwk a pu
o+su, rq wkh devflvvd dqg su rq wkh ruglqdwh
a pu iru wkh zkroh srsxodwlrq
a pQrqh> k@3=6< a pY rfdwlrqdo> k@3=78 a pQrq￿yrfdwlrqdo> k@3=87
a pu iru wkh vxesrsxodwlrq= Hpsor|hg
a pQrqh> k@3=6< a pY rfdwlrqdo> k@3=87 a pQrq￿yrfdwlrqdo> k@3=84
66a pu iru wkh vxesrsxodwlrq= Phq
a pQrqh> k@3=69 a pY rfdwlrqdo> k@3=87 a pQrq￿yrfdwlrqdo> k@3=87
a pu iru wkh vxesrsxodwlrq= Djh 79088 |hduv
a pQrqh> k@3=63 a pY rfdwlrqdo> k@3=87 a pQrq￿yrfdwlrqdo> k@3=63
a pu iru wkh vxesrsxodwlrq= Rffxsdwlrq lq pdqxidfwxulqj vhfwru
a pQrqh> k@3=6< a pY rfdwlrqdo> k@3=87 a pQrq￿yrfdwlrqdo> k@3=87
a pu iru wkh vxesrsxodwlrq= Yrfdwlrqdo uhkdelolwdwlrq uhfrpphqghg
a pQrqh> k@3=66 a pY rfdwlrqdo> k@3=75 a pQrq￿yrfdwlrqdo> k@3=87
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a pu iru wkh vxesrsxodwlrq= Djh 69078 |hduv
a pQrqh> k@3=6< a pY rfdwlrqdo> k@3=78 a pQrq￿yrfdwlrqdo> k@3=87
a pu iru wkh vxesrsxodwlrq= Olylqj lq frxqw| Çoyverujvoçq
a pQrqh> k@3=45 a pY rfdwlrqdo> k@3=87 a pQrq￿yrfdwlrqdo> k@3=87
a pu iru wkh vxesrsxodwlrq= Olylqj lq frxqw| Yçupodqgvoçq
a pQrqh> k@3=87 a pY rfdwlrqdo> k@3=48 a pQrq￿yrfdwlrqdo> k@3=69
68a pu iru wkh vxesrsxodwlrq= Pruh wkdq 93 vlfnqhvv gd|v lq suhylrxv vl{ prqwkv
a pQrqh> k@3=7; a pY rfdwlrqdo> k@3=87 a pQrq￿yrfdwlrqdo> k@3=87
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